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1.4 Bootstrap Cls

We will look at five different ways to create confidence intervals using the boostrap and
discuss which to use when.

1. Percentile Bootstrap CI

2. Basic Bootstrap CI

3. Standard Normal Bootstrap CI
4. Bootstrap ¢ (s‘i’m:{tnﬁzc(n

5. Accelerated Bias-Corrected (BCa)
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10 1 Nonparametric Bootstrap

1.4.1 Percentile Bootstrap CI

(1) 7 (B) (1) 5(B)

Let 6 ,---,0 " be bootstrap replicates and let éa/g be the a/2 quantile of N

'L,,_)"lLf) .
Then, the 100(1 — «)% Percentile Bootstrap CI for 6 is ofstvep vt

[ é"((v, > él—"%)

~(1 ~(B
In R, if bootstrap.reps = c(9( ), e ,0( )), the percentile CI is

veefor of. wa’erm‘o Chhihys,
quantile(bootstrap.reps, c(alpha/2, 1 - alpha/2))

Assumptions/usage
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1.4.2 Basic Bootstrap CI ( Coracks f J”\“Q

The 100(1 — )% Basic Bootstrap CI for 6 is
(4-[b,=8], 8-T8u-4)
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1.4.3 Standard Normal Bootstrap CI (1east favorite).

From the CLT,

i D — g(b)
< - se (6)

So, the 100(1 — )% Standard Normal Bootstrap CI for 6 is

~N(o,1).
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e’ e diny
name

1.4.4 Bootstrap ¢ CI (Studentized Bootstrap)

Even if the distribution of 8 is Normal and @ is unbiased for 0, the Normal distribution is
not exactly correct for z. Cl,ccawo e eshmate S o).

A

X o - E(e)
t ¢e ( ) ><

Additionally, the distribution of se(d) is unknown.

So Ve 't dum T v En

= The bootstrap t interval does not use a Student ¢ distribution as the reference dis-
tribuion, instead we estimate the distribution of a “t type” statistic by resampling.

The 100(1 — )% Bodstrap ¢ CI is el § Pe Lnﬂ?/wf '(+'77f6" StnIAT.
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Assumptions/usage
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1.4 Bootstrap Cls a
L dsad 7 h
g A,cc{llg/w\l“l Bras Corteskd R
1.4.5 BCa CIs . |
g S0 b

=
Modified version of percentile intervals that adjusts for bias of estimator and skewness of
the sampling distribution. - —

This method automatically selects a transformation so that the normality assumption
holds.

Idea: )
) ; a £b st
Ascume, Pt exists Manohm‘a.(% (hCetas n ey ﬁnuﬁm Zk ed  sonctaals :

9999 L ~n(o N

6 v
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(whee | + a@(ﬁ) >0.

The BCa method uses bootstrapping to estimate the bias and skewness then modifies
which percentiles are chosen to get the appropriate confidence limits for a given data set.

In summary,

4 A
(b, b))

%a, e Uk T r,er'L& Sopfd\mf) bt /'\ﬂS’)"ﬂ\pI ‘f;

ch choows LWH{/ T”MMM ("91— D(/"4 (“{/2) A eccof for 4125 ﬂ-u/x/mkeff.

@ Be e pa{érmmw fron PUM’,G LWTS‘YAF.
(lu Bes Cﬂverayz,)'

@ Bader T erplaie-



16 1 Nonparametric Bootstrap

Your Turn

We will consider a telephone repair example from Hesterberg (2014). Verizon has repair
times, with two groups, CLEC and ILEC, customers of the “Competitive” and “Incum-
bent” local exchange carrier. 1 ‘ f
Verzon pequired L, law M sorve both ot Tre st 5/'46/- ofiar corr 0 ven T

library(resample) # package containing the data

casteres:

data(Verizon)

head(Verizon)

## Time Group
## 1 17.50 1ILEC
## 2 2.40 1ILEC
## 3 0.00 1ILEC
## 4 0.65 ILEC
## 5 22.23 ILEC
## 6 1.20 ILEC

Verizon %>%
group_ by (Group) %>%
summarize(mean = mean(Time), sd = sd(Time), min = min(Time), max =
max (Time)) %>%
kable ()

Group mean sdmin max '
dhe g s OLEC 16.509130 19.50358 0 96.32 22
vwizon vadus. ILEC 8411611 14.69004 0191.60 b6

ggplot(Verizon) +
geom_histogram(aes(Time)) +
facet_wrap(.-Group, scales = "free")



1.5 Bootstrapping Cls 17
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ggplot(Verizon) +
geom_boxplot (aes (Group, Time))
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1.5 Bootstrapping Cls

There are many bootstrapping packages in R, we will use the boot package. The function
boot generates R resamples of the data and computes the desired statistic(s) for each
sample. This function requires 3 arguments:

1. data = the data from the original sample (data.frame or matrix).
2. statistic = a function to compute the statistic from the data where the first argu-
ment is the data and the second argument is the indices of the obervations in the

boostrap sample.
3. R = the number of bootstrap replicates.
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library(boot) # package containing the bootstrap function

‘pif;‘},) Ve bortamp ind rces.
mean_ func <- function(x, idx) {
mean (x[idx]) .
AN~ ' e/ A
} n,,a,fl(,. afr Mq\,(nfff.
ilec times <- Verizon[Verizon$Group == "ILEC", ]$Time
/7 boot.ilec <- boot(ilec_times, mean_func, 2000)
e » ﬁmﬁm
buttshap gemple s - rel A =T(x) B.
plot (boot.ilec) b1l
é‘” ot
BOMQMV dsn.
Histogram of t
P
2 o o ] p
B y, @ _
8 o 0 ]
o ~ NPT T T T T
75 80 85 90 95 3 -2 -1 0 1 2 3
t* Quantiles of Standard Normal
If we want to get Bootstrap ClIs, we can use the boot.ci function to generate the 5 dif-
ferent nonparamteric bootstrap confidence intervals.
cL —» boot.ci(boot.ilec, conf = .95, type = c("perc", "basic", "norm",

"bca"))

## BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS
## Based on 2000 bootstrap replicates
##

## CALL :

## boot.ci(boot.out = boot.ilec, conf = 0.95, type = c("perc", "basic"
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## "norm", "bca"))
## Intervals : P praf
## Level Normal Basic

## 95%  ( 7.719, 9.114 ) ( 7.709, 9.119 )
##

## Level Percentile BCa

## 95%  ( 7.704, 9.114 ) ( 7.752, 9.164 )
## Calculations and Intervals on Original Scale

## we can do some of these on our own
## normal

mean (boot.ilec$t) + c(-1, l)*gnorm(.975)*sd(boot.ilecs$St)

## [1] 7.709670 9.104182

A

b
#ffﬁff?féléf_fiii corrected
2*mean(ilec_times) - (mean(boot.ilec$t) - c(-1,
1)*gqnorm(.975)*sd(boot.ilecsSt))

## [1] 7.719039 9.113551

## percentile
quantile(boot.ilec$t, c(.025, .975))

## 2.5% 97.5%
## 7.707656 9.111150

## basic
2*mean(ilec_times) - quantile(boot.ilecs$t, c(.975,

## 97.5% 2.5%
## 7.712071 9.115565

.025))

19
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To get the studentized bootstrap CI, we need our statistic function to also return the vari-

-

ance of 0.
ance ot v.

_ Var K
var(X)* —5
mean var_ func <- function(x, idx) { ;///
c(mean(x[idx]), var(x[idx])/length(idx))
}
boot.ilec_2 <- boot(ilec_times, mean var func, 2000)
boot.ci(boot.ilec_2, conf = .95, type = "stud")
—
## BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS
## Based on 2000 bootstrap replicates
##
## CALL :
## boot.ci(boot.out = boot.ilec 2, conf = 0.95, type = "stud")
##
## Intervals
## Level Studentized

## 95% ( 7.733, 9.231 )
## Calculations and Intervals on Original Scale

Which CI should we use?
A,[{ \[\‘ira' fa‘M(.[”'/) [do(\'lL loﬂlC dCqu/ 6r L,Z.p(/_

Peccimnle, o€ (hfhe Case.

BCa 9oud def it deoice ( especilly [f st Cxplaicy ,-,z,)'

n (et =7 Normad wof abid thace
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1.6 Bootstrapping for the difference of two means

Given iid draws of size n and m from two populations, to compare the means of the two
groups using the bootstrap,

L For replicates b= 1., 8
£) Draw o resample off $'2e 7 o/ rplacemert Froom Swmple 1 o ;zf%j;%’
of S3e m from Sample &l )
b) (ompeter a stehsh'o Hhat tomares P2 PO gops (e, & = X, -3, ).

“ 5 ns ':-s é\,
2, (onstrodd o [aoaf’:ffo-f dsa Eﬂ S’f‘c.ﬁ}?t)\o ) o, 9(57 — m[a&rj‘h”f‘&) l/ , S

3. COMfWT_e a/o[;rofn‘bfc CT Lased o A

The function two.boot in the simpleboot package is used to bootstrap the difference
between univariate statistics. Use the bootstrap to compute the shape, bias, and bootstrap
sample error for the samples from the verizon data set of CLEC and ILEC customers.

library(simpleboot)
clec_times <- Verizon[Verizon$Group == "CLEC",]$Time

diff means.boot <- two.boot(ilec times, clec_times, "mean", R = 2000)

ggplot() +
geom_histogram(aes(diff means.boot$t)) +
xlab("mean(ilec) - mean(clec)")

qgnorm(diff means.boots$t)
qgqline(diff means.boots$t)
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Normal Q-Q Plot

150 -
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mean(ilec) - mean(clec)
A A
‘[me.ﬂ‘ ( g ¥ — 9)
# Your turn: estimate the bias and se of the sampling distribution
A
— sd (g%

Which confidence intervals should we use? DC
o

# Your turn: get the chosen CI using boot.ci

Is there evidence that

Hy:pp—p2=0

is rejected?

Jes!
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In a nonparametric bootstrap, we r\e,;a,»/(& M dyty A

(rete [*Aod‘fsf‘m[o Jﬁﬂ'pl@ ?,*J ,__,’lﬂn’( _,LJ_ Froun ¢—2 6/'701}7—(*’8 A sa F_
L?'fh? s e,g/WVM /i_ Nj&/\f{l?, Me onb,:nj a&fa "”/ /If?GL?/"u/f.

In a parametric bootstrap, v&  &¢swe & 'paf&mﬁ‘m c /wgo(xj

ey e e 3 el oot ot FOp)= POyl ¥) 70
hmde, ke P 5 ehmered oy MLE (o swe e metrod) From dod.
eshmC Where- :; e{nm

cade o bootshep Smgle iy Yy 1A Frem Fly ] 1)
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O We [,O/\A(?)/J"f/ e ofahsh™c ‘9 44)/ eah l,o(;j'ﬁru/o Semp €
I

@t\)e/ ,\qnoﬂﬂ‘{" fle W(Dc@o(/n/f, B Hres o 5~

N (0 A x(B)

e m//.e P

xCL) ¥ (%)

23
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2.1 Bootstrapping for linear regression

i
Consider the regression model Y; = a:ZT,B +e,i=1,...,n with & ~ N(0,02).

‘/,,._)y ot 10d! Ty hore it tonditip d  precns

Rcsa/"[)]';} in Fe éﬂvffﬁ,ﬂ Mysf ée Adone o /‘/\a( W%'ff-/

Two approaches for bootstrapping linear regression models —

1. Booi’st/a(a/la fe residuds  ( moded Lased ”‘S”M///;ﬂ-») - W‘V‘Crmeﬁlb.

2. 'IOMIAféo[ <A007LS"I['D/)F)/‘\2, [ Cage, PC!MF/N:&) — /hgﬂﬂ)hfﬁ/ﬂcf”‘c-

2.1.1 Bootstrapping the residuals

1. Fit the regression model using the original data

2. Compute the residuals from the regression model, ot
rcﬂ\ﬂ"‘"! !

A

s ~o_ T _
ez_yz_yl_yz_mzﬂ7 z—l,...,n
3. Sample €7,. .., €, with replacement from éy,...,é,.

] o
4. Create the bootstrap sample e 2 bas -

* | * > —
Y, —‘517 1=1,...,n

. s P . /\
0. Bstimate § <77 e S‘"?I'X, '_5,("3 /tr Fr rw i"ﬂf”“w" tedel, 4 F*
6. Repeat steps 2-4 B times to create B bootstrap estimates of B.

Assumptions:

™ A/—ﬂ\ﬂn matnx K= C?(”-.,X,\) is jc\)(m,(

& oe .
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2.1.2 Paired bootstrapping (case mga,“f[,;}

Resample z* = (y;, ®;)* from the empirical distribution of the pairs (y;, ;).

5 h‘,grtés:bn model w/ n Qoof{‘l’ﬂffw/ fat‘m [‘r'@‘") 3_4\5

B )T prss 0
Assumptions:

A’é{l//"lﬁﬁ {"ﬂ'}/ 'x,') Mre \TA 1Q4M n ?90[)1/1.{0\/7‘(:0/1.

Can ;’“V“-’ Vﬂf‘a/\ﬂa luf/\ljfl /”91'71"")( ><

2.1.3 Which to use?

1. Standard inferences - (.o, Feonn STAT 3%/

Most of the -Hme,l

2. Bootstrapping the residuals -
. \ ! . " 0{
— Wost alf?ropfrm /fv MﬁﬂMJ e'XPi’/l/‘""’l'tf wvlet xS 76\ )(Zo( n adlsn ce.

— mode] bnted [nsﬁrccs,én modg| must Le ap/orvfr(do for f/hpld—q,)
— oftm ugefud iF Wk/p/e)c J&/\}oll)l; din for /2

3. Paired bootstrapping -
— robust Nz mode| """“P“'I@‘h;”’
['if 30“ hav_ﬁ 0{0M£]L)’ aéowf’ﬂe ﬂJe?//ﬁ&;, % /‘eljrf—ffln,. /"'DJa/)e.j-
hek/oscco(a{h‘w‘v‘?)

—_ WML”‘[ -(;W SLS:C{\MJ/I}AWZ S+Mo[,1'1,; LJAefex VaﬁMS % 70/‘50&'0/’0,@
drfﬂq’ fich W olvance =¥ Booﬂfhmf miteers Loty géaera;/v’ra,

me dhansm.
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Your Turn

This data set is the Puromycin data in R. The goal is to create a regression model about
the rate of an enzymatic reaction as a function of the substrate concentration.

head (Puromycin)

## conc rate state

## 1 0.02 76 treated
## 2 0.02 47 treated
## 3 0.06 97 treated
## 4 0.06 107 treated
## 5 0.11 123 treated
## 6 0.11 139 treated

dim(Puromycin)

## [1] 23 3
Q;/nolﬁ

ggplot (Puromycin) +
geom_point(aes(conc, rate))

ggplot (Puromycin) +
geom_point(aes(log(conc), (rate)))

([ ] ([ ]
200 - . o 200 - 1
Ww
2 . . SR <
150 - . o __ 150~ . - (e Al
2 ° L ° .
o S g g ® ljhef&3
[ ] [ ]
100- oe@ 100 - ° °
o o
[ J [ J
[ ] [ ]
50- § 50 -
0.0 0.3 0.6 09 4 3 2 A1 0

conc log(conc)
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2.1.4 Standard regression

mO

<- lm(rate ~ conc, data = Puromycin)

plot(m0)
summary (m0)

##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##

Call:

Im(formula = rate ~ conc, data = Puromycin)

Residuals:

Min 10 Median 30 Max
-49.861 -15.247 -2.861 15.686 48.054
Coefficients:

Estimate Std. Error t value
(Intercept) 93.92 8.00 11.74
conc 105.40 16.92 6.23
Signif. codes: 0 '***' (0.001 '**' 0.01

Pr(>[t])

1.09e-10 **x*
3.53e-06 ***

LN

0.05

0.1

Residual standard error: 28.82 on 21 degrees of freedom

Multiple R-squared:
F-statistic: 38.81 on 1 and 21 DF,

confint (m0)

##
##
##

ml

##
##
##
##

2.5 % 97.5 %
(Intercept) 77.28643 110.5607
conc 70.21281 140.5832

p-value:

<- lm(rate ~ log(conc), data = Puromycin)
plot(ml)
summary (ml)

Call:

0.6489, Adjusted R-squared:

0.6322

3.526e-06

Im(formula = rate ~ log(conc), data = Puromycin)

[
peT [LM MDM'

1

27
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## Residuals:

## Min 10 Median 30 Max

## -33.250 -12.753 0.327 12.969 30.166

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t])

## (Intercept) 190.085 6.332  30.02 < 2e-16 *x**

## log(conc) 33.203 2.739 12.12 6.04e-11 ***

## ——=

## Signif. codes: 0 '***' (0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##

## Residual standard error: 17.2 on 21 degrees of freedom
## Multiple R-squared: 0.875, Adjusted R-squared: 0.869
## F-statistic: 146.9 on 1 and 21 DF, p-value: 6.03%e-11

confint (ml)

## 2.5 % 97.5 % be) Nocmelity oF

GqJ (asgfwﬁv
## (Intercept) 176.91810 203.2527 L ba 124
## log(conc) 27.50665 38.8987 F
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\
(W2
=]

o Residuals vs Fitted o Normal Q-Q el J
< © 7 5 g1 o N ’) orot
3 o 4 = ] —8 3 o -

g - 'g 1=
o ] O sl <5200
x o —T——T—T1 T 1 NS “ C:IT,O/r
100 140 180 r)*,i S
(s P
Fitted values X ¥ Theoretical Quantiles
Im(rate ~ conc) Im(rate ~ conc)
@ )
© ©
=) S
2 Scale-Location 2 Residuals vs Leverage
o o J8% g g1 230 o N
5 22— | 3 o
- O
L o 8 o1
§ o T T T T T 1 g T
I 100 140 180 § 0.00 0.10 0.20
2} ()
~
Fitted values Leverage

Im(rate ~ conc) Im(rate ~ conc)



30

Residuals

140

100

Fitted values
Im(rate ~ log(conc))

Scale-Location

0.0

JIStandardized residuals|
1.0
1
o% @
O
N
OO0

60 100 140 180

Fitted values
Im(rate ~ log(conc))

2.1.5 Paired bootstrap

# Your turn
library (boot)

reg func <- function(dat, idx) {

Standardized residuals

Standardized residuals

-2 0 2

-2 0 2

2 Parametric Bootstrap

t .
V\OM(‘\,,\L

100

Normal Q-Q

— ~00 O
13 530

| S

_ .oes"“'

—n23°
| | | | |

-2 -1 0 1 2

Theoretical Quantiles
Im(rate ~ log(conc))

Residuals vs Leverage

gmo ;
- go&'s fistance ©
|

| | ?BQl 0.5

0.00 0.05

I

0.10 0.15

Leverage
Im(rate ~ log(conc))

# write a regression function that returns fitted beta

}

# use the boot function to get the bootstrap samples

# examing the bootstrap sampling distribution, make histograms

# get confidence intervals for beta 0 and beta 1 using boot.ci
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2.1.6 Bootstrapping the residuals

# Your turn
library (boot)

reg func 2 <- function(dat, idx) {
# write a regression function that returns fitted beta
# from fitting a y that is created from the residuals

# use the boot function to get the bootstrap samples
# examing the bootstrap sampling distribution, make histograms

# get confidence intervals for beta 0 and beta 1 using boot.ci

Qogulhe adl very $imilar.
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