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1.4 Bootstrap Cls

We will look at five different ways to create confidence intervals using the boostrap and
discuss which to use when.

1. Percentile Bootstrap CI

2. Basic Bootstrap CI

3. Standard Normal Bootstrap CI
4. Bootstrap t ( staden H'Zf“D

5. Accelerated Bias-Corrected (BCa)
"
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10 A 1 Nonparametric Bootstrap
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1.4.1 Percentile Bootstrap CI < ?
? !
R ~(B . ' A(1 ~(B

Let 0(1), e 0( ) be bootstrap replicates and let 6,/ be the /2 quantile of 0( ), e ,9( ).

ahmade @ Sonphy Ao

Then, the 100(1 — «)% Percentile Bootstrap CI for 6 is N /
beotsimp olsn

A A
( 6"//2) Ql-“/z )

~(1 ~(B
In R, if bootstrap.reps = c(9( ), e ,9( )), the percentile CI is

et off Loof:Mf npb\cahk

quantile(bootstrap.reps, c(alpha/2, 1 - alpha/2))

Assumptions/usage
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1.4.2 Basic Bootstrap CI (LQV{‘(,J'S #r Lt\m )

The 100(1 — a)% Basic Bootstrap CI for 0 is

< [ 9, ~ay, 9] @ [ 9“/1 é]) ;:,[mr? :::JLT

; («9\[‘% T, quiskle of Losfstmo dsa 6r 6 bias,
G
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A A A 3
'_—"> ( 9\6 - Ql""lb ) 16 - 901[2 <
Assumptions/usage
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1.4.3 Standard Normal Bootstrap CI
From the CLT,
A A
2 - 9 -£(6)

- ~ Nlo,().
se ()

undty ot ussw—/mms (-

So, the 100(1 — )% Standard Normal Bootstrap CI for 6 is

[~d( ‘ A
' W £rom goﬁ'S‘fra(J rliﬂllc"kg.
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, N
d (6 &%),

Assumptions/usage i
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1.4.4 Bootstrap ¢ CI (Studentized Bootstrap)

Even if the distribution of 8 is Normal and @ is unbiased for 0, the Normal distribution is
not exactly correct for z. (kuum, b gshmedt gc(ﬁ)),

‘t* - é\' E(é\) n'? ><

86(9) «— isnot S/f
Additionally, the distribution of se(@) is unknown.

‘ x
Go e canol Claim v tm»L

= The bootstrap ¢ interval does not use a Student ¢ distribution as the reference dis-
tribuion, instead we estimate the distribution of a “t type” statistic by resampling.

shudenhzedl. beotstrap
) “4 -4 ! stahstic,
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Assumptions/usage
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" h “( “
actonttd  Bias Correded.
1.4.5 BCa ClIs

Modified version of percentile intervals that adjusts for bias of estimator and skewness of
the sampling distribution.

This method automatically selects a transformation so that the normality assumption
holds.

Idea:
Assume,  Mert cxists 4 I\w/\z;ToM\C%MZ /'Acrcmfui; fnction ;_ ad constants a/é st

M+L v N (o, 1)
)t aglt)

ke [+ a§00) 20,

The BCa method uses bootstrapping to estimate the bias and skewness then modifies
which percentiles are chosen to get the appropriate confidence limits for a given data set.

In summary,
Bla 15 Lke futudﬂf/ LoanY, ( but hsked  of
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Your Turn

1 Nonparametric Bootstrap

We will consider a telephone repair example from Hesterberg (2014). Verizon has repair

times, with two groups, CLEC and ILEC, customers of the “Competitive” and “Incum-
bent” local exchange carrier.

Venton veqvied 57 law To Serve bothat came spu,j,

library(resample) # package containing the data

data(Verizon)
head(Verizon)

## Time Group

## 1 17.
## 2 2.
## 3 0.
## 4 0.
## 5 22.
## 6 1.
Verizon

group_by (Group)

50
40
00
65
23
20

>%

ILEC
ILEC
ILEC
ILEC
ILEC
ILEC

summarize(mean

max (Time))

kable(

ggplot(Verizon) +
geom_histogram(aes(Time)) +
facet_wrap(.~Group, scales

)

$>%

mean (Time), sd

T

ohes Corriers

max N

CLEC 16.509130 19.50358 0 96.32 43
ILEC 8.411611 14.69004 0 191.60 [GGY

1T
Verizon

sd(Time), min = min(Time), max

LA ShmerS
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CLEC ILEC
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Time
ggplot(Verizon) +
geom_boxplot (aes(Group, Time))
200 -
150 -
[ ]
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Group
1.5 Bootstrapping Cls Lo
[ .
$i "PICLoo“'

There are many bootstrapping packages in R, we will use the boot package. The function
boot generates R resamples of the data and computes the desired statistic(s) for each
sample. This function requires 3 arguments:

1. data = the data from the original sample (data.frame or matrix).
2. statistic = a function to compute the statistic from the data where the first argu-

ment is the data and the second argument is the indices of the obervations in the
boostrap sample.

3. R = the number of bootstrap replicates.
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library(boot) # package containing the bootstrap function
dott S,/(Adcf .6, rcswr\cd observitions

— mean_ func <- function(x, idx) {

mean (x[idx .
} (I ”e\@* - erizon
w
r.
/ v cu‘)‘)’c’me
ilec times <- Verizon[Verizon$Group == "ILEC", ]$Time
boot.ilec <- boot(ilec_times, mean_func, 2000)
deta St e
N ﬁﬁﬂ?kdu

plot (boot.ilec)

. A
Histogram of t ookt O
1 e
2 9 o ]
(2] -— * o
o - _
()] o v _|
o ™~ T T T T T T 1
75 80 85 90 95 3 -2 -1 0 1 2 3
t* Quantiles of Standard Normal

If we want to get Bootstrap ClIs, we can use the boot.ci function to generate the 5 dif-
ferent nonparamteric bootstrap confidence intervals. i ‘W'%‘l)
V‘M"‘

o

boot.ci(boot.ilec, conf = .95, type = c("perc", "basic", "norm",

"bca"))

## BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS
## Based on 2000 bootstrap replicates
##

## CALL :

## boot.ci(boot.out = boot.ilec, conf = 0.95, type = c("perc", "basic",
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## "norm", "bca"))

## 00 &

## Intervals : { bxﬂpim

## Level Normal Basic

## 95%  ( 7.719, 9.114 ) ( 7.709, 9.119 )
##

## Level Percentile BCa

## 95%  ( 7.704, 9.114 ) ( 7.752, 9.164 )
## Calculations and Intervals on Original Scale

## we can do some of these on our own
## normal
mean (boot.ilec$t) + c(-1, l)*gnorm(.975)*sd(boot.ilecs$St)

A ~ a
bw‘h’h'up Samples ‘6’ 0 6(0 1) Q(L)
## [1] 7.709670 9.104182

- ver (04
A 9{ bias w”utd

]
## normaljis bias corrected
2*mean(ilec_times) - (mean(boot.ilecS?ﬂ - c(-1,

1)*gqnorm(.975)*sd(boot.ilecsSt))

## [1] 7.719039 9.113551

## percentile
quantile(boot.ilec$t, c(.025, .975))

## 2.5% 97.5%
## 7.707656 9.111150

## basic
2*mean(ilec_times) - quantile(boot.ilecs$t, c(.975, .025))

## 97.5% 2.5%
## 7.712071 9.115565

19
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(\ boot/('w

To get the studentized bootstrap CI, we need our statistic function to also return the vari-

ance of 6.
am
: s
mean var_ func <- function(x, idx) { This Mf'iuﬁ
50&”3-

c(mean(x[idx]), var(x[idx])/length(idx)) %MA
- - - ¥

} Var X / ¢ bool ¥ M

Nar f)c) B
boot.ilec_2 <- boot(ilec_times, mean_var_func, 2000)
boot.ci(boot.ilec_2, conf = .95, type = "stud")

alSo lea\( A 9""’?.6‘000“’,'0/!6,‘007"

## BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS

## Based on 2000 bootstrap replicates

##

## CALL :

## boot.ci(boot.out = boot.ilec 2, conf = 0.95, type = "stud")
##

## Intervals :

## Level Studentized

## 95% ( 7.733, 9.231 )

## Calculations and Intervals on Original Scale

Which CI should we use? den
A“ Vﬁrj g-'m([ar/ o(()ew‘i— Lo ycg gl@ww{ g LMJ{.J,

7BC6{ M) o‘e‘pm/tf’ wace LecaM}L I’IQ[ Lbu, $pr, 71_0 Lav‘ 9\794
Cowyu?L.

= PQ{‘ClAiﬂr{ {2645\\( ho”‘— a Lcd wacc (ZF exr)la,‘,\“,a 7[9 B/T»h /lolde/‘

n (&r?t t QQ PM’ —> Normell 5 @ vaid e as vl
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1.6 Bootstrapping for the difference of two means

Given iid draws of size n and m from two populations, to compare the means of the two
groups using the bootstrap,

l. For f‘cfll'cafcy !)"—[/__./8
a) ﬂeﬁmr)lc w/ I‘LfldC{MCAT a Sa/k/)l& of 526 N from f‘f""ﬂ"i andl asample _#
$2£ m  Fowm SaMVM.a,
/\0) ) —
b) bmpde @ stakishe Tt wmpees heo govps (e 8= T X))
% . Consbruet o boafsh—z\f din  of fe shhthy é"m ’ [D) .A3M$Lpl L/A.S,SG

¢
3, Co»ﬂhje am Gfpﬂ%ﬂTbkL CL l&ﬂ»ﬂ'nla'
The function two.boot in the simpleboot package is used to bootstrap the difference

between univariate statistics. Use the bootstrap to compute the shape, bias, and bootstrap
sample error for the samples from the verizon data set of CLEC and ILEC customers.

library(simpleboot) on- PYELE
clec_times <- Verizon[Verizon$Group == "CLEC",]$Time

diff means.boot <- two.boot(ilec times, clec_times, "mean", R = 2000)

Yo 30 hon - penig m
U ggplot() +
? %WV geom_histogram(aes(diff means.boot$t)) +
VOA xlab("mean(ilec) - mean(clec)")
N

qgnorm(diff means.boots$t)
qgqline(diff means.boots$t)
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Normal Q-Q Plot

150 - o
8 sl
. g .-
< 100- 5 O -
8 S =
pt ]
50 2 8§ 4
’ € T T T T 1
S 1 )t‘,‘,.bh
2 -3 -1 1 2 3
O-
25 20 15 -10 5 0 Theoretical Quantiles

mean(ilec) - mean(clec)

# Your turn: estimate the bias and se of the sampling distribution

—

Which confidence intervals should we use?
# Your turn: get the chosen CI using boot.ci

Is there evidence that ILEC ~ CLEC

Hy:pp—p2=0

is rejected?

Ve

‘

T U wituw B o dndle, Veizon [5 duatly D Cushmas
Wbkl ol oy 1 GurSfomers |



2 Parametric Bootstrap

In a nonparametric bootstrap, we ircg d/vyolc obsened dta.
A

Creake a(g()aTS}ﬂm/) Sa,u.{)le ‘3'*/,.)1?”‘[ (Tl fram e,y.fz},"cv{ o[:&fh'éa/fiu-;, [l::
Tis (5 oquisll o Rstuphing M arigind dete v/ replacemet

In a parametric bootstrap, we, ASfume 78 —'Pjrame%‘c modd/ X

Koy Hen! ugu fd puanehic wedd  Fly) = F(g|Y) 4 eshiote
£ Ukt 06 ghnckd fom te dota (uing 1LE)

Creatt a d@ofshp forple. ok, ., i foom P(?H’)/ ce. rerple from a
ool “’/ fcraw,/zrg Lfimeted L? on'a:w Sa/vrﬂ(; Atz

For both methods,

0 %
@ LJG/ WW\PW(Q, M Slafshe 9 ) *Fo, Eacol Looﬂﬁa‘p samﬁ.le

(%) *(0)

40
@ We. W f)&[)mcwlmm B hws ﬁ/d\'

i) Aqb)

6 ) 77D 6
M mak e |"r\{-’€/w\u,g M/',a N”‘Swlt

23



24 2 Parametric Bootstrap

>
r
2.1 Bootstrapping for linear regression f«“x fi N (xf pj

‘N"fp«ib‘ﬂ,
Consider the regression model Y; = a:ZT,B +e€,i=1,...,n with ez ~ N(O o )
\

Y‘ I,AJ(VIAM Au’rﬂ iid .( 10‘7 hope difRed  tondihon £ memg!

ﬁemmp]\"} i~ e £oo’rs+m'o must le dene nn_?iéf_ q.,m}-,”/-,z;/

Two approaches for bootstrapping linear regression models —

BOa‘H”'ra‘o e reaidmd (W‘Odt’// besed éo‘vﬁ?"fﬂlﬁm;?) —{paramofn\c,

7o) A

2. @6{1} bO{ bg"fsf—f‘«(of)/ﬂ"a (L“L(, /‘Cfa/v\/)[/:}) — wo/z'aarm‘&ﬂ\c,

2.1.1 Bootstrapping the residuals

1. Fit the regression model using the original data

(2. Compute the residuals from the regression model,
€l:yz_g:yz_mTB7 izla""n rL}'MS i ore assw“lJ/
7 7 ”d
3. Sample €7,. .., €, with replacement from éy,...,é,.
4. Create the bootst 1 Lond
reate the bootstrap sample I—:““& \rﬂg,,e;ﬂ M/J_,ju
n .
yi*: €, 1=1,...,n
es (“{
L_5 Estimate B %'13' ’1 ! ad X
Wse g 4 Bt rgesite medd) | 34 f;

6. Repeat steps 2-4 B}Emes to create B bootstrap estlmates of B.
to eshmnle dsn o) P

Assumptions:

o design matex %= 00, 0%) 6 fred

¥ Z“ hre i(d,



2.1 Bootstrapping for linear reg... 25

2.1.2 Paired bootstrapping ( fase wsany) }/:\? )
Resample z* = (y;, ®;)* from the empirical distribution of the pairs (y;, ;).

F1 egeession poddd, w/ n Loafn‘m/;(m( pa/}s (%'/Zf[)r

Y= ()P & ey

Assumptions:

Assuaces (’7»/}’2;) ace (id Fom ‘poFul'tﬁ“t.
Car har \Iacryff? Jas[q,\ Mmatn K X,

2.1.3 Which to use?
1. Standard inferences - (i.e, STAT BL“)

Most o fe fine

2. Bootstrapping the residuals -
"st—aﬂ),-ofp%f& for dt;:‘gnwl 0>1oen"/m/fs where 2_( [ ,C.-MJ in advance.

= MQM%MLJ (wﬂp&m‘an modd must b valid b Be dota).
= ol weful lompley ﬁt»plﬂ? Jstipton f3- .

3. Paired bootstrapping -
- Y‘Obud— _l_o Wp(ﬁLL ms ’SrlM‘p\acﬂ*lm
{l:f f\aou have dovkts ol ot rhe’ a.plulvﬁ—va "@ he I‘Lafe'glﬂom Moalb‘ {w.a as
hekrosCedadt a{b) .
— sl for shamliond sdits whert  radves o ezc()lﬁm‘h/\a Voriabl €s
alent £ixed in odvina => paied bostshep wtcors date G ererting e m.
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Your Turn

2 Parametric Bootstrap

This data set is the Puromycin data in R. The goal is to create a regression model about
the rate of an enzymatic reaction as a function of the substrate concentration.

head (Puromycin)

## conc rate state

## 1 0.02 76 treated
## 2 0.02 47 treated
## 3 0.06 97 treated
## 4 0.06 107 treated
## 5 0.11 123 treated
## 6 0.11 139 treated

dim(Puromycin)

## [1] 23 3

h=3D, el Loka.

ggplot (Puromycin) +

geom_point(aes(conc, rate))

ggplot (Puromycin) +

geom_point (aes(log(conc),

200 - o
[ ]
: [ ]
150~ .
2 °
© e ©
= °
[ ]
100- oe@
0
[ J
[ ]
50- 8
0.0 0.3 0.6 09
conc

(rate)))

200 -

150 -

(rate)

100 -

-4 -3 -é -1 0

log(conc)
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2.1.4 Standard regression

m0 <- lm(rate ~ conc, data = Puromycin)

plot(m0)
summary (m0)

##

## Call:

## 1lm(formula = rate ~ conc, data = Puromycin)
##

## Residuals:

## Min 10 Median 30

## -49.861 -15.247 -2.861 15.686 48.054
##

## Coefficients:

## Estimate Std. Error t value
## (Intercept) 93.92 8.00 11.74
## conc 105.40 16.92

##H ——-

## Signif. codes: 0 '**x' 0.001 '**'
##

Pr(>[t])

1.09e-10 **x*
3.53e-06 ***

LN

0.05

0.1

## Residual standard error: 28.82 on 21 degrees of freedom

## Multiple R-squared:
## F-statistic: 38.81 on 1 and 21 DF,

confint (m0)

## 2.5 % 97.5 %
## (Intercept) 77.28643 110.5607
## conc 70.21281 140.5832

p-value:

ml <- lm(rate ~ log(conc), data = Puromycin)

plot(ml)
summary (ml)

##
## Call:
## lm(formula = rate ~ log(conc), data

##

0.6489, Adjusted R-squared:

0.6322

3.526e-06

Puromycin)

1

27
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## Residuals:

## Min 10 Median 30 Max

## -33.250 -12.753 0.327 12.969 30.166

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t])

## (Intercept) 190.085 6.332  30.02 < 2e-16 *x**

## log(conc) 33.203 2.739 12.12 6.04e-11 ***

## ——=

## Signif. codes: 0 '***' (0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##

## Residual standard error: 17.2 on 21 degrees of freedom
## Multiple R-squared: 0.875, Adjusted R-squared: 0.869
## F-statistic: 146.9 on 1 and 21 DF, p-value: 6.03%e-11

confint (ml)

## 2.5 % 97.5 %
## (Intercept) 176.91810 203.2527
## log(conc) 27.50665 38.8987
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Residuals

JIStandardized residuals|
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1.0

[HENEEEN

0.0
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Im(rate ~ conc)
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Residuals vs Fitted

X
WY
H\p&

10
18 g g 8 "8
© Mqo

Residuals

-40 O

T T T T T 1
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Fitted values
Im(rate ~ log(conc))

Scale-Location

1.0

0.0

100 140 180

JIStandardized residuals|

Fitted values
Im(rate ~ log(conc))

2.1.5 Paired bootstrap

# Your turn
library (boot)

<

reg func <- function(dat, idx) {
# write a regression function that returns fitted beta

}

-%2/

N

s

o~

\

(2

Standardized residuals

Standardized residuals

-2 0 2

-2 0 2

2 Parametric Bootstrap

e,
¢ et

Wo
Normal Q-Q

~00 O
13 530
S
é?.ees@”'

[ | [ [
-1 0 1 2

100

— rlwao
-2

Theoretical Quantiles
Im(rate ~ log(conc))

Residuals vs Leverage

E 5\8/ gm g

] | - Ioc57ks @bslltanceygol .

0.00 0.05 0.10 0.15
Leverage

Im(rate ~ log(conc))

# use the boot function to get the bootstrap samples

# examing the bootstrap sampling distribution, make histograms

# get confidence intervals for beta 0 and beta 1 using boot.ci
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2.1.6 Bootstrapping the residuals

# Your turn
library (boot)

reg func 2 <- function(dat, idx) {
# write a regression function that returns fitted beta
# from fitting a y that is created from the residuals

# use the boot function to get the bootstrap samples
# examing the bootstrap sampling distribution, make histograms

# get confidence intervals for beta 0 and beta 1 using boot.ci

results ae very smilor 0 stwd sy (reenct. => 6 Jouse Starderd

resalts.
[‘F Boofdhﬂ)lrnal
fwig s Mfﬁ“‘t( ex{”"pMuf o
bo balibapiy ciduals ig gurd dute o ey o mokd F4 e
q(ﬂ”fﬁ‘*ﬁ [Nhfﬁh it ”bl{k
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