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>^�uK�I`�FKnnKk�nR>^�nRK�lS]h[K�"`^nK�>k[`�KlnS]>n`k�`P

uRKkK�nRK�t>kS>F[Kl� �>kK�k>^I`][w�l>]h[KI�Pk`]� ¶

;Kl²²

�`>[¯�KlnS]>nK�S^nKQk>[l�uSnR�[`uKk�t>kS>^GK�nR>^�nRK�lS]h[Kln�"`^nK�>k[`�>hhk`>GRµ

2`�>GG`]h[SlR�nRSl°�uK�uS[[�olK�S]h`kn>^GK�l>]h[S^Qµ

�µ��2RK�-k`F[K]

�P�uK�>kK�l>]h[S^Q�>^�KtK^n�nR>n�I`Kl^Ïn�`GGok�PkKjoK^n[w°�nRK^�nRK�^>StK�"`^nK�>k[`�KlnSÅ
]>n`k�uS[[�R>tK�RSQR�t>kS>^GKµ

�v>]h[K��µ��"`^nK�>k[`�S^nKQk>nS`^�P`k�nRK�ln>^I>kI�#`k]>[�GIPµ�`^lSIKk�KlnS]>nS^Q�
�`k� µ

9K�u>^n�n`�S]hk`tK�>GGok>Gw�Fw�G>olS^Q�k>kK�KtK^nl�n`�`GGok�]`kK�PkKjoK^n[w�nR>^�nRKw
u`o[I�o^IKk�nRK�^>StK�"`^nK�>k[`�l>]h[S^Q�Pk>]Ku`kZ°�nRKkKFw�K^>F[S^Q�]`kK�hkKGSlK
KlnS]>nS`^µ

1 more
efficient

-

-

↳ more efficient estimation .

(why would our simple Nc estimators hare high variance to
begin wish?)

law 6)
IolD= P(x a-37

,
X n N lo ill .

Attunement::re rare⇒ deal:L;naif:L:Iki:ur no enamor;
we may not get many samples

out (to plug
→ in to our sample me"
- stp②)

-

For very rare events
, extremely large reductions in te variance of

the nc estimator are possible .
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`^lSIKk�>�IK^lSnw�Po^GnS`^� �uSnR�lohh`kn� µ�`^lSIKk�nRK�KvhKGn>nS`^�`P� °

 Kn� �FK�>�IK^lSnw�uRKkK� �P`k�>[[� µ�2RK^�nRK�>F`tK�ln>nK]K^n�G>^�FK
kKukSnnK^�>l

�^�KlnS]>n`k�`P� �Sl�QStK^�Fw�nRK�S]h`kn>^GK�l>]h[S^Q�>[Q`kSnR]¯

�µ�

�µ�

�`k�nRSl�lnk>nKQw�n`�FK�G`^tK^SK^n°�Sn�]oln�FK

yga
: f
Gd
70}

paraglider →

"
support of 0 includes the support of f
{x: g Ga > 032 Ex

: fGd 203=7

o -- E Egan) -- S
*
glad tf÷, 064 doc

X-fa.in#EDTIfMTof is called the importaneesamphh-yfmutwncsim.la to an envelope in accept - reject),
§ MUST be a density !

Sample Xu . . , Xm from 0 ( integrate to A- & dragsZ OB.

Compute
f- = Im gfxiyflx.IO/Cxil

① easy to sample from ¢
② easy to evaluate f ( and f) even if it is not easy to sample fan f.
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�v>]h[K��µ��1ohh`lK�w`o�R>tK�>�P>Sk�lSvÅlSIKI�ISKµ�9K�u>^n�n`�KlnS]>nK�nRK�hk`F>FS[Snw
nR>n�>�lS^Q[K�ISK�k`[[�uS[[�wSK[I�>� µ

X = result of rolling one fair six - sided die .

PC x =D .

We could

① Roll a die in times

② A point estimate of PC X -- it would be the proportion of ones in the sample .

" " " " """

* = { h . . , 6 } ad f-Go) = {
'

te KE k - > 6

O .
W .

Dhu Y -

- { "

o

'F Y?! ⇒ You Bernoulli ft) .

Expected # of 1 's ch m rolls

Ey = E. Ift-D. at =L ECE:D -- E. EY -- MT(
vary - pu - p ) = 'T

' fo -- I,
Cestwatr)

proportion of 1 's in
the sample :

E (2K) = two Mz = f-
unbiased estimator

→
variance

var [aim ) :#
Eva. Yi anther'h= mt.SI at oeiimator

relative
measure of

← variation

we could consider the
" coefficient of variation

" CV Cx) = Cchenistry ,
physics 7 .

so,
Cv [EI] -- roomie

46

say we
want a CV of 8% want Pmt = .

05
. . . Sff're me . . we sooo

heels!
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n we do better? i.e
.

use less rolls to get the sane CV =
. 05 with a different

estimator .

To reduce the # rolls
,
we could consider biasing the die by replacing

tie facing bearing 2 and 3 with 1 's.

This will increase te probability of netty a 1 to 0.5
,
but a.w re

arenotsampliyfremtargetdistinbutiin.lafairdy.NO:

we can correct this biasing by pcx =p = Iz
- weighty each roll of 1 by 1/3 pcx =D =pCx -- 37=0

• Let Yi -- { I if T " I ply -- a) =P Cx --s) =p# 67 -T
O O. Cro

estimator : 'aEIi

Efa .E!9i) -- ÷m Effi
"

EY
.
= ÷ - I t o ( o tot It f- + I] = f-

unbiased !

D. at the variance
: f

EY
'
= (IT. ta -- its

iid

varfa.E.ilif-tm.svarii-mtva.ee. 'em
- CETI -- Tai

ing

s . to achieve CV of 5% we would only need

His = 05
46

÷
.
solve for

S

⇒At Yoo rolls .
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�µ��R``lS^Q�

�^�`kIKk�P`k�nRK�KlnS]>n`kl�n`�>t`SI�KvGKllStK�t>kS>FS[Snw°�Sn�Sl�S]h`kn>^n�nR>n� �Sl
F`o^IKI�>^I�nR>n� �R>l�RK>tSKk�n>S[l�nR>^� µ

�v>]h[K��µ�

�v>]h[K��µ�

��k>kK�Ik>u�Pk`]� �uSnR�]oGR�RSQRKk�IK^lSnw�o^IKk� �nR>^�o^IKk� �uS[[�kKGKStK�>�RoQK
uKSQRn�>^I�S^|>nK�nRK�t>kS>^GK�`P�nRK�KlnS]>nKµ

1nk>nKQw�Ä

�v>]h[K��µ�

pg this die rowdy example is successful is because an importance function ( rolling dieat 3 sides
-
- 7)

is had to over -sample a portion of the state space that relieves lower probability under the target
and then importance weighty to correct the bias .

- target/ importance

⑧gestation,qµd⑧ ⑦ thee weights

if this requirement is not met , some importance weight ¥÷ will be

huge .

⑨
if we ignore requirement ofGD>0 when f- Go) > °

,
weeks

then toff = flood unsound !
moment① .

②
And
,

he can
't draw x= 5 from § .

If ve alert of with lighter tails then f.

°€hµ, 444, will be large if god
is smee .

thus x -- s
'Italo has large weight ⇒ approx will be poor .

-

opposite of our goal .
-

choose tefumtim ¢ so that Stacy okay is large only when god
is small .

If we alert and aapaproprioter Of,
f- lo)

q

will he large .

•n¥7: tf¥ will in smu

we care about something out in the tails⇒ this makes sense to try.



�µ��`]h>kSl`^ ��

2RK�S]h`kn>^GK�l>]h[S^Q�KlnS]>n`k�G>^�FK�lR`u^�n`�G`^tKkQK�n`� �o^IKk�nRK�1  #�l`
[`^Q�>l�nRK�lohh`kn�`P� �S^G[oIKl�>[[�`P�nRK�lohh`kn�`P� µ

�µ��`]h>kK�n`�-kKtS`ol�"`^nK�>k[`��hhk`>GR

`]]`^�Q`>[�Ä

1nKh����`�l`]K�IKkSt>nS`^lµ

>µ��S^I�>^�>hhk`hkS>nK� �>^I� �n`�kKukSnK�w`ok�S^nKQk>[�>l�>^�KvhKGnKI�t>[oKµ�

Fµ��`k�S]h`kn>^GK�l>]h[S^Q�`^[w°

�S^I�>^�>hhk`hkS>nK� �n`�kKukSnK� �>l�>^�KvhKGn>nS`^�uSnR�kKlhKGn�n`� µ�

1nKh���9kSnK�hlKoI`ÅG`IK�Á>�h[>^Â�n`�IK{^K�KlnS]>n`k�>^I�lKnÅoh�nRK�>[Q`kSnR]µ

�`k�"`^nK�>k[`�S^nKQk>nS`^

�µ�

�µ�

�`k�S]h`kn>^GK�l>]h[S^Q

�µ�

�µ�

1nKh���-k`Qk>]�Snµ

qramtfite.ms
-

(Nas're)

estimate an integral fhlxldx .

if we -

Wyton on ! A = Shadaloo = Sglx)fGadx=E[gCxD art . Xnf .
step. a,

note

46420 when(
o -- sgaatfi.Ioaadx-ECgcxtffxd.ME trailing .
naive

Sample Xi . . . , Xan n f

E -- turf,glxi7

Sample Xi , --, Xmn 0

E- '
a .Egcxi¥Y÷,
in
importance
weights .

-

may dsf.cm to appreciate Var CE) .
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�µ���vnK^IKI��v>]h[K

�^�nRSl�Kv>]h[K°�uK�uS[[�KlnS]>nK� �olS^Q�"�S^nKQk>nS`^�>^I�S]h`kn>^GK
l>]h[S^Q�uSnR�nu`�ISPPKkK^n�S]h`kn>^GK�l>]h[S^Q�ISlnkSFonS`^l°� µ
③ ① ②

- a) Eb)

sT Derive things .

a) Select Xv exp Cl) . so ffxy = { E
"
xzo

O O .
W .

⇒ And g ca. sit
.

o -- Egcx)
-

-

"

'
'

fcxldx .

⇒ glad = ÷ Ifk ' ']
-

o
-

- siE÷d. = x -

- Efixzelx 'D .
* Execs .

Option⑦ Mc integration w/ X
- Expel) (n. Ib sup) .

option② Importance sampling w/i¥÷÷i÷÷¥÷÷÷÷÷÷÷:÷÷÷÷±÷÷l
step option 2$ 0am , a oe.ae,

Y S:c . e-
"
da -

- I - e-
•

• = Es. Egan] = ! gl⇒tf÷, 0am da gym

=!i¥IDx
.

E z
#Htt) EX) ,

X n Oa -- uniform Con) .

Option 2b) Cfb the E%tE OEKEI
. go.gg

M
:

a- Effy -
- Ignat!0bGddx÷÷*II¥⇐,oEIi dooE[tIE¥IC*eD] , * n b
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STILL Make a plan .

Option 1 :
-

I. Sample X, , . . . , Xm from Exp .

2
.

E = '

a ftp.o#CxiEDJ

Option La :
-

A. Sample *a , . . , Xm from Unit foil] .
/

'

22 . E- IE
,
i.
e-
"
I IT
X
-

this will
always

hold .

Optimtnb : →c

⑨Sample Xi , . ., Xm from 0bG4=÷xeCo,
Note this 0lb is not a named distribution .

⇒ we need to sample from it .
Inverse transform!
-

•
↳ find cdf →talayinrerse@e.i.i.si.I.I.da-

-
- .EE/:=fi*.eIe.ariiicons .

X > p1-

-X

l - e

a- fqblx) = -
I ④ E

'

To

all EE
') = I - e- K

E' = i - u ( IEE
')

- x = log Cl - u ( LEE
' ))

F'
'

cul
.

= Sc -
- log ( i - u ( IEE

' ))

= - log ( l - all - EM)
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Algorithm for option 2b
-

ird

i. Sample Xn . -, Xm N Cfb using ihhrse transform method.

AB sample Un . ., Hm
'
'

int Unf ( oil) .
Tg

BD set X ; =
- log ( l - Ui ( I e-

t)) for it
. . . ,

m
.

•
a. E -- t.E.it#iiIixifI

this will always
hold by definition .

lowest
variance

which will he the latest ? We can compare
h (a) = ftxlgcx) to

f- IN, Gath ,
and 01×7 .

✓

can look at
TMI HjYag÷ ,

one HHgcfact
' 0/61707

want to pick th one that is closest
tr constant

.

This will give us The lowest variance .


