ﬂ{w)‘[’)@m“”fd %ﬁzh‘cs f‘CCalD <€7/~ &Mﬂuﬁ’?.

7 Limit Theorems

Motivation
For some new statistics, we may want to derive features of the distribution of the statistic.

When we can’t do this analytically, we need to use statistical computing methods to ap-
proximate them.

We will return to some basic theory to motivate and evaluate the computational methods
to follow.

7.1 Laws of Large Numbers

Limit theorems describe the behavior of sequences of random variables as the sample size
increases (n — 00).

lF X, Xy ©F "
v . z
@ (haT (s e dispibton of X= % %,Xl - N[,U.,%)

GX: v.,rx.‘

@ HDW L‘\7 d,g(,{ n LQV"- 'ﬁ L‘v ‘F:w x f:)NprMJ? E
Often we describe these limits in terms of how close the sequence is to the truth.

w e S —ﬂ 74 7 (wa ‘I/\lr away ,'},'/_7)_
w dose s A, F pl

T ~ e v ke oo Gty L/ Ahd AT
stahih'e

[Fonl o (Rom) g
How do e meajvn oy dastanc? 2 M

We can evaluate this distance in several ways. Xn 5 a rerdom v alle

Some modes of convergence — €4 h ¢ To
~ Gl mostT surel ([ P( _ = vhat e '
3 (PClimx, = %) =1) feqpenes 4 V-1

- gtk (g0 Jim P(I X~ X |>i):o) u o gets bge ,
' ) l vs v “w 70 /,wvr‘.r,.f‘
= kit (Mg fo) = F () (fries vsveeful app

h—>0”

% Lawg@of large numbers —

—_—

l,\)ealb L(,/\/ . g“"fl{’, MEGA X“ CO’\W?“ ‘n f{‘oLavl"‘L»J? 'J'D FoF, ﬂ*t-o»ﬂ/A,
b/§,7¢7/ Lim F(’ )~(4 '—,u,l pi) =6

e‘l'rmtj LLN: S“an/ate Mmeen yn Lo ged Q.. 4@ fo‘). meen M
P( {A‘L’WMZ = A)=
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7.2 Central Limit Theorem 15

7.2 Central Limit Theorem
s'lhd
Theorem 7.1 (Central Limit Theorem (CLT)) Let X,..., X, be a random sample from a
distribution with mean p and finite variance o2 > 0, then the limiting distribution of
<)

= A SLo g e — ~0{
Zy= 2L is N0, 1), (g indastabutim) e X=X X N p,

Interpretation:
¥ nz 7‘7 2
Th -("P(l}‘? att‘f'fﬂtb\f‘l'ﬂ ﬂ([ ¢1_ I“M/}L-Z mean ﬁf/omc:jn e) @ AOfM“{ A”% lro

af T fam[)l& Sz (actuses.

W/
Q\V Note that the CL'T doesn’t require the population distribution to be Normal.



8 Estimates and Estimators
il

Let X1,..., X, be a random sample from a population.

Let T;, = T(X1,...,Xy) be a function of the sample.
Tle~ T;\ 5 o “statisprc”

ok e odf o Ty s edied B " sepliy distoloton of I

pased e (dote)
( » Statistics estimate parameters. — cheracttrze
/_/— ""‘- f()u'ﬂf'

Example 8.1

M X, isastahihc el vould echiente he mia "//{’L*,”/ Velyer.
7<n sople: meanespinbs A papu b memn

| h - 5 .
57’: ,Z(X'—x,\)q estmetes 6 pop- Vemce

ey oshaates O (- Sk. dev.
Deﬁnltlon 8.1 An estimator is a rule for calculating an estimate of a given quantity. Finken
Definition 8.2 An estimate is the result of applying an estimator to observed data samples
in order to estimate a given quantity. ¢1 &etwd humbty Losed on dafa. ohwci

zf L‘_V_D(M a-c)f‘w( AJa.

A S‘t'a/""\s‘)"\c (\; % fﬂlﬂ'\f agh;\nc\"‘Or
e J o-re es,L.Mek

A CL s oa (atecvel .’,gfl:ku?for

‘We need to be careful not to confuse the above ideas:
} — Furchim ,ﬂ rVs —5 eshmator Cstatshic)
@ %.%_ Snchom i oopnd deda, [er ached #—) — eshaate

M ”FI’XU{ bw’f vslmogn Tv@\{{}a/ — Péf'amvkr/‘.

We can make any number of estimators to estimate a given quantity. How do we know the
“best” one?

~

L\}LJ ot Som~e, rrofe/h"es ke con uie - £47 om uhjudv /S
et My anofler owe
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9 Evaluating Estimators

There are many ways we can describe how good or bad (evaluate) an estimator is. )
Jbro””

. . ‘J Lnrv .

9.1 Bias oter PE et
{)0/’“ e won
iid 4
Definition 9.1 Let X1, ..., X, be a random sample from a population, 6 a parameter of in-
terest, and én =T(Xq,...,X,) an estimator. Then the bias of 0,, is defined as
stahihe e E[T(x,.,x)]= ;SE‘T(x""’x”)ﬁ,,-.,gf""’x") dx,_ 4.

bias(6,) = E[6,] — 6.

Definition 9.2 An unbiased estimator is defined to be an estimator ,, = T(X1, ..., X,,)
where

bias [94,,): J ,(‘,c, E[én] = 4

Example 9.1 .
ﬂ“yle'\jt’ iyt tion has (uﬁm«f [o/ 40)_

r{: 70“ M&J U,W.‘L[O/{) af Your %MO/)& 'é,. Kaile:‘ﬁt, dS/lj
yau Lwﬂ"@jﬂm J',C S'aMﬂ[&g‘ q(;,(f,7 for g acc@/ff/z/'ecr a?arf'fhm would L(/
(400 Méwg smal) wJMs/ no [07~ valves = oboe ﬂ—).
Example 9.2 LX X, % b “@ e {Mfu(”h‘:“ v/ meon Yy ol varoree 67 00,
ER]=E[+3x]=FZEX = Lonyop

1w (5)) = EX,-m =0 = K, is vabiswed esbincder tor pp per S

2
Example 9.3 Caﬂ;gme, A ostimaters 010 6 oev Ex. 4.2

SQMP(G vorioace MLE of an;anc% .
l =\t ~r o — —X
szrl_—l_é[xt"xn) 5= I%J(Xl Xh)
9 A _ n-J ) 2
(en f(aw Esl = LWC 6* = " s, $°
8o L)

£ 3_1 . h-l 6\1 => 6 (5a>2"
h Cshmator.
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9 Evaluating Estimators

9.2 Mean Squared Error (MSE)

Definition 9.3 The mean squared error (MSE) of an estimator 9, for parameter 6 is de-
fined as

MSE(b,) = [(9 en}

e\‘ u,\slwul

N

Var(6,) —|— bws
Generally, we want estimators with
() small bras obhn et 1S 0 biag = Vanwa  drede ~ff

@ S/M{/ VG Ga CL we can 't ?QTL"'% ad e oae frne
i {l

Sometimes an unbiased estimator 6, can have a larger variance than a biased estimator 0

Example 9.4 Let’s compare two estimators of o
5QM/[0 Vanone

MLE
f=—=> (Xi—X,)? o= ;Z(Xi - X,
E(s)= o* 86 - = &
o ler5° Z Jur 6
Can Show!
=
mse (s*) = E[@‘ o

(Rl

MSE(g_z> El:(ﬁl‘ s J: Ah—) 6_‘{

= M;E[sz) > MKE( 2‘)‘

gec [oagel 3 3‘ g-r’ Lq.\'&llq ft 8&7@/".



9.3 Standard Error 19

9.3 Standard Error

Definition 9.4 The standard error of an estimator 8,, of 8 is defined as

—

~ / N — 4{'&/\10/ (’_rfor .
selln) = yVer(@n). © si. dev. of J‘am[)‘/l? Aighvbitin

We seek estimators with small se(6,,). of é
n.

—_——

Example 9.5

se(X,)=wr(R) = /% © &



10 Comparing Estimators

We typically compare statistical estimators based on the following basic properties:
a5 ntp docg P eshmator Gnrerge (a fméaéf'ﬂ} fo perametes i+
Is esh‘muz‘,ﬂ;’.

QA
2. _B (Nd; ‘ /5' %T- st\\”vdo, (4.441 ‘64,?-0[ .? E(g") = g.?

1. Consistenc

o A o
3. By, B & moe offved Taa G F lar (6,)< Ver (8)

& MyE - C«vmfano MSE[QA") e MJE[@:) bat remendyr é"GJ‘/I’an'a»t‘(, Podeof’:
MSE (4944) = Yor () + bins [6/‘,,)2

Unbiased and Inefficient Biased and Inefficient

Biased and Efficient %9 Unbiased and Efficient

.
:
-

R S
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anarey
Example 10.1 Let us consider the efficiency of estimates of the center of a distribution. A

measure of central tendency estimates the central or typical value for a probability
distribution.

Mean and median are two measures of central tendency. They are both unbiased, which is
e .
more efficient?

Ly phih bhas sralles virance?
set.seed(400) — rCWwAﬂw(Mh%}'
do l+ [0 ovo

times <- 10000 # number of times to make a sample -ﬁmef
Ql\ n <- 100 Z size of the sample n= (0O $i2d S'(/M/)((,j X”__/ /00
gt uniform results <- data.frame(mean = numeric(times), median =
: : — em— S{n/z, ,;;,,,Ltt.
numeric(times))
Q normal results <- data.frame(mean = numeric(times), median = dF. .V/
Q?\ numeric(times)) R 5
N — - /0,000 s, Times' =row.

columng,
for(i in 1: timgs) { & e fr

X <- runif(n) &— MaY uW"\('L‘- Fown  Uaf (o)1), te ch Sthifr,
y <= rmorm(n) e fam o Somply o Norm(0,0).

uniform results[i, "mean"] <- mean(Xx) Shre meon

uniform_results[i, "median"] <- median(X) spre med i6q .

normal results[i, "mean"] <- mean(y)

normal results[i, "median"] <- median(y)

uniform results %>%
gather(statistic, value, everything()) %>%

.a'*' ggplot() +

d# w\__4>geom density(aes(value, lty = statistic)) +
a‘ﬁ S ggtitle("Unif(0, 1)") +
theme(legend.position = "bottom") Fufhﬁ» f‘
M diitwbibrm
Sa /
normal results %>%
gather(statistic, value, everything()) %>% %—er& }fﬂ%ﬂ7c

ggplot() + (
geom_density(aes(value, lty = statistic)) + )( “ﬂ/ nedsé /Fﬂ
ggtitle("Normal(0, 1)") +

theme (legend.position = "bottom") (ﬁ? X/ ) )(4 v R ding



22 10 Comparing Estimators

Normal(0, 1)
4-
3-
2,
1-
0-
074 075 076 Of7 -O.'50 -0..25 O.lOO O.I25 0..5C
value value
statistic I:I mean i-_-_-_i median statistic I:I mean .-“. median
ﬁ[ﬁ]\ SE(6) e8]
een " n mesn E SE n
v'? f&f"(’ll\r} dsa - s‘ﬁyﬁ\?}l JL\"\ [ ]
meon | \ 0.029 e | 0.000] 0.
/‘4044.\44 \ ‘ ,1711 0,0%ql‘l M(Vl\ -— 0‘ m07 0‘ ,J
Arue, meen = _
e medich = trve oo =
h 2 JA"\ '{’/V‘ pedien
09. o™ i
J.A &row :,0
~\: ot e case B0 ]
. TE ' »fl,v,’s (s ro
Eor boh Ust(g1) od Neor), Lo otins

Ulea « J.gn I5 l’llerJ ‘)”"II“‘é
meMen f more a%‘(,,u ﬁf«\ fie -
r~een C r'almerSS),

BMS L 'h‘ Preap a_.i Meol,acq traL(aJ(o(

n : N
E&aw%f men (s more elhvien T  Ugr (M“”‘ (Xn—;Xﬂ) < \/“" [M“l"'c” (XU“)X")).

Next Up In Ch. 5, we’ll look at a method that produces stimators of E(g(X))!
e —




