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1.4 Bootstrap Cls

We will look at five different ways to create confidence intervals using the boostrap and
discuss which to use when.

1. Percentile Bootstrap CI

2. Basic Bootstrap CI

3. Standard Normal Bootstrap CI

4. Bootstrap t (sfuJ&héed)

5. Accelﬁrated Bias-Corrected (BCa)

Adjusted for skenyss

4‘90 wh,\c}a V"le‘nlod ‘llU e Wlle/\,

Key ideas: )
@ When you 52y “we vsed bootstrppiy fo eshmafe CL , gou rnegd

@ Wkt eve, You are Loot SM(;P‘AU heeds o be M Covless or

we oza.%:] g.u/b\e,’lkzD S{:w‘a(f we Il tulk "ot Tis late,)

@ BQe“'S‘i\ﬂlFF!‘f\‘j 4.5 an O-H'QM[)"' ')v 3,‘,]4\,[4{{ l'\CAZL‘m/)'
(Wil abost  depriatom o (r)
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1.4.1 Percentile Bootstrap CI

A1) A(B) : A . A(1) A(B)
Letf °,...,0 " be bootstrap replicates and let 6,5 be the a/2 quantile of 6" ..., 6" .

Then, the 100(1 — )% Percentile Bootstrap CI for 6 is

(B B

A ~(B
In R, if bootstrap.reps = c(9(1), e ,0( )), the percentile CI is 7
VCC’foro'F boafi‘h'ulo éﬂmple (V‘ ‘a e (DPCV’:%) C)&owfle/

quantile(bootstrap.reps, c(alpha/2, 1 - alpha/2))

Assumptions/usage
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1.4.2 Basic Bootstrap CI (correct® fo- '0'3'77

The 100(1 — )% Basic Bootstrap CI for 6 is

(Lo ), 6068

wwk/ \“‘ %l ‘tv‘“‘ + bosed on e 5315

e $male, ALY 8(8)
G Mo 0., @

5 (3 - ba, 26 - ba)

Assumptions/usage
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1.4.3 Standard Normal Bootstrap CI

A
From the CLT, B 0 oo dafa

é — E(é) ore °F°\$PLM~{:@ ‘@rm,

Z- se( 6) MARD

So, the 100(1 — )% Standard Normal Bootstrap CI for 6 is

A A\
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1.4.4 Bootstrap ¢ CI (Studentized Bootstrap)

Even if the distribution of 8 is Normal and @ is unbiased for 0, the Normal distribution is
not exactly correct for z. (secanst Wt esmate  Sel8)).

t"( - LEL‘L) N f“,,? ><
< (8)

Additionally, the distribution of se(d) is unknown.

e

Co we oot Clajm +Xw tM

= The bootstrap ¢ interval does not use a Student ¢ distribution as the reference dis-
tribuion, instead we estimate the distribution of a “t type” statistic by resampling.

(L2 o\da~+le cﬁm (ool sh—p
\\t~+9()e, Stahshe

The 100(1 — )% Bodstrap ¢ CI is
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To estimate the “t style distribution” for 8, \-/\/?';/%00"5 W €5 make f Se,
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Assumptions/usage
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1.4.5 BCa CIs

Modified version of percentile intervals that adjusts for bias of estimator and skewness of
the sampling distribution. -

This method automatically selects a transformation so that the normality assumption
holds.

Idea:

ASSUW\Q dero e¥lst o mong) M,“Cv{lv r Hachba ca/ o a
Goastent & Y svehbhat

\}: M*b NNCO/()

l+a%€9)
Where |t agll) =0

The BCa method uses bootstrapping to estimate the bias and skewness then modifies
which percentiles are chosen to get the appropriate confidence limits for a given data set.

In summary,
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Your Turn

We will consider a telephone repair example from Hesterberg (2014). Verizon has repair

times, with two groups, CLEC and ILEC, customers of the “Competitive” and “Incum-

bent” local exchange carrier. 7 o e pon
ofles Corders v Yomen 3

library(resample) # package containing the data

data(Verizon)

head(Verizon)

## Time Group
## 1 17.50 1ILEC
## 2 2.40 1ILEC
## 3 0.00 1ILEC
## 4 0.65 ILEC
## 5 22.23 ILEC
## 6 1.20 ILEC

Verizon %>%
group_ by (Group) %>%
summarize(mean = mean(Time), sd = sd(Time), min = min(Time), max =
max (Time)) %>%
kable ()

Group mean sd min  max
CLEC 16.509130 19.50358 0 96.32
ILEC 8.411611 14.69004 0 191.60

ggplot(Verizon) +
geom_histogram(aes(Time)) +
facet_wrap(.-Group, scales = "free")
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ggplot(Verizon) +
geom_boxplot (aes (Group, Time))
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1.5 Bootstrapping Cls

There are many bootstrapping packages in R, we will use the boot package. The function
boot generates R resamples of the data and computes the desired statistic(s) for each
sample. This function requires 3 arguments:

1. data = the data from the original sample (data.frame or matrix).
2. statistic = a function to compute the statistic from the data where the first argu-

ment is the data and the second argument is the indices of the obervations in the
boostrap sample.

3. R = the number of bootstrap replicates.
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library(boot) # package containing the bootstrap function

mean_ func <- function(x, idx) {
mean (x[idx])

}

ilec times <- Verizon[Verizon$Group == "ILEC", ]$Time
boot.ilec <- boot(ilec_times, mean_func, 2000)

plot (boot.ilec)

Histogram of t

2 9 o ]
(2] -— * o
o) - _
()] o v _|
o ™~ T T T T T T 1
75 80 85 90 95 3 -2 -1 0 1 2 3
t* Quantiles of Standard Normal

If we want to get Bootstrap ClIs, we can use the boot.ci function to generate the 5 dif-
ferent nonparamteric bootstrap confidence intervals.

boot.ci(boot.ilec, conf = .95, type = c("perc", "basic", "norm",

"bca"))

## BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS
## Based on 2000 bootstrap replicates
##

## CALL :

## boot.ci(boot.out = boot.ilec, conf = 0.95, type = c("perc", "basic",
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## "norm", "bca"))

##

## Intervals

## Level Normal Basic

## 95%  ( 7.719, 9.114 ) ( 7.709, 9.119 )
##

## Level Percentile BCa

## 95%  ( 7.704, 9.114 ) ( 7.752, 9.164 )
## Calculations and Intervals on Original Scale

## we can do some of these on our own
## normal
mean (boot.ilec$t) + c(-1, l)*gnorm(.975)*sd(boot.ilecs$St)

## [1] 7.709670 9.104182

## normal is bias corrected
2*mean(ilec_times) - (mean(boot.ilecs$t) - c(-1,
1)*gqnorm(.975)*sd(boot.ilecsSt))

## [1] 7.719039 9.113551

## percentile
quantile(boot.ilec$t, c(.025, .975))

## 2.5% 97.5%
## 7.707656 9.111150

## basic
2*mean(ilec_times) - quantile(boot.ilecs$t, c(.975, .025))

## 97.5% 2.5%
## 7.712071 9.115565
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To get the studentized bootstrap CI, we need our statistic function to also return the vari-
ance of 6.

mean var_ func <- function(x, idx) {
c(mean(x[idx]), var(x[idx])/length(idx))
}

boot.ilec_2 <- boot(ilec_times, mean var func, 2000)
boot.ci(boot.ilec_2, conf = .95, type = "stud")

## BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS

## Based on 2000 bootstrap replicates

##

## CALL :

## boot.ci(boot.out = boot.ilec 2, conf = 0.95, type = "stud")
##

## Intervals :

## Level Studentized

## 95% ( 7.733, 9.231 )

## Calculations and Intervals on Original Scale

Which CI should we use? SQ'AVLQ Asn

%
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1.6 Bootstrapping for the difference of two(means) -
Stetishes

Given iid draws of size n and m from two populations, to compare themeans)of the two
groups using the bootstrap, some  stechShe

@FD/ replizetes b<l,..,B
) dvuw ungmﬂu, "'F v A b/ rt(JlG-azJ P Sample 1 adl x/,m\;m?
4 e wn frown Seplt 2. 5= _
b) (/OM()\/"}f; O QjLMj’[‘S«h‘L /pr Co/\ﬁaﬂﬁ Mﬁ‘/a 6/‘9V’f [C“j' (Z’y/xz.> )
~ I~ (49 (\('3> Y 4C/7LJ‘ G/)Z
() Contonct 4 bmiTsiop din of stetizhe 8w 0" L

(:) LDVMPV}L P 61f1mﬁ794151 CT.
The function two.boot in the simpleboot package is used to bootstrap the difference

between univariate statistics. Use the bootstrap to compute the shape, bias, and bootstrap
sample error for the samples from the verizon data set of CLEC and ILEC customers.

library(simpleboot)
clec_times <- Verizon[Verizon$Group == "CLEC",]$Time

diff means.boot <- two.boot(ilec times, clec_times, "mean", R = 2000)

N
7 ;~‘)6
ggplot() + /
geom_histogram(aes(diff means.boot$t)) +
xlab("mean(ilec) - mean(clec)")

qgnorm(diff means.boots$t)
qgqline(diff means.boots$t)
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Normal Q-Q Plot
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mean(ilec) - mean(clec)

# Your turn: estimate the bias and se of the sampling distribution

Which confidence intervals should we use?

# Your turn: get the chosen CI using boot.ci

Is there evidence that

Hy:pp—p2=0

is rejected?
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In a nonparametric bootstrap, we ¢ ¢4 ”/0(
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2.1 Bootstrapping for linear regression

o
Consider the regression model ¥; = :I:ZT,B +e,i=1,...,n with e\~ N(0,02).

Yl)-,) \/V‘ NeT /1 ], Te) hewe oot Condihend means (x(f/;’?_

Rf/gawtpl;lf\y ('n 1\"(/ LQO{'STFAF MVSf/ Ve dﬂ/l/(/ 0 ;;\Ol qumrf'\“%\GS ’

Two approaches for bootstrapping linear regression models —

) gqjghnf e residhnls (model bard rmmyllly)’ pocon e %wfm‘%\/
2. Pan‘rco’ b@afsw C(,CLSe, /\Csop?[r‘»y) AVWWWW/MJ% b’

2.1.1 Bootstrapping the residuals

n
1. Fit the regression model using the original data 3% ﬁ

2. Compute the residuals from the regression model,
et M} g o

as(.ur-AA id.

I h bawd @
SR« Fed P e{fw‘; Jator

3. Sample €7,. .., €, with replacement from éy,...,é,.
4. Create the bootstrap sample
VI bastsiep sople
v =: 1,...,n
. ok ) X . . , 0 ,o[el
5. Estimate 8 +— VS\/\S % Ui X3 R 4o Kt orew ,—00.4{5 2 wm ) ?7\2' e
6. Repeat steps 2@ B times to create B bootstrap estimates of B.

Assumptions:

RN

i(“ A

Lo L' ire @\\c((_éc)((,\ ﬁgaJ Veﬁ“”“\"" Moot M fﬁ‘%s v r d’#‘“b{
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2.1.2 Paired bootstrapping [« rcSo(V'/)":?/\,

Resample z* = (y;, ®;)* from the empirical distribution of the pairs (y;, ;).

, NS
et LS moded W/ n b""“’”}”/b”/ (M'fs [?‘h’vc')

Y “/b/tf){ﬁ 20 (=1yr
Assumptions:

A/%‘/Mﬂ.g (fva'(r/;’tf7 /T (\?(/4 M@ @Opvla'}"\ﬂd_

Ceoen l/)afc Vﬂ/"a)b\? 0({,9;\71/' MF}"‘)‘ 7\
2.1.3 Which to use?

1. Standard inferences - o STAT 3 9/

Moat ¥ he Hat!

2. Bootstrapping the residuals - ”
Ofler vich) T complex Somplng distolibon of T (B).
Mmoded  becged CFCﬁf"—fé“@» mode| wrust be ./,‘,QA\J /Rr Jnd‘a)

mest q‘s()m(a/\“ﬁ{v x 'ﬁw hove a Acsnbm!/ eﬁ’eﬂ""‘/r CX;' Frxed M ed vance )

3. Paired bootstrapping -
— Vo bu\ + /Fb r~o O{CI yvu?{)ﬂ« C,C[\“c/.jlio/\ Cl-fF 'U ov LIO\rC Joulp’/’s GLLD v

’?\/L RJQ/(VQ/Q d‘£ ﬁ( Mj,-csfylén /\"'\QD{C/ 5«/04 Cs deffé(&lﬁ%‘c.j)

- USe/Fr(l Qr ()lyé,e/\f;\/i’)b—w\/( ¢hd)es Ll dpes Uif U)rc{/L\o‘)V/S
ae T frxed a advente —7 L)o(ﬁ‘ﬂ""/o rol pracs M

00'“/1,6‘ ﬂam{,ﬂ?\\z m(xﬂ‘c\/\/\ASW\.



26

Your Turn

2 Parametric Bootstrap

This data set is the Puromycin data in R. The goal is to create a regression model about
the rate of an enzymatic reaction as a function of the substrate concentration.

head (Puromycin)

## conc rate state

## 1 0.02 76 treated
## 2 0.02 47 treated
## 3 0.06 97 treated
## 4 0.06 107 treated
## 5 0.11 123 treated
## 6 0.11 139 treated

dim(Puromycin)

## [1] 23 3

ggplot (Puromycin) +

geom_point(aes(conc, rate))

ggplot (Puromycin) +

geom_point (aes(log(conc),

200 - o
[ ]
: [ ]
150~ .
2 °
© e ©
= °
[ ]
100- oe@
0
[ J
[ ]
50- 8
0.0 0.3 0.6
conc

(rate)))

200 -

150 -

(rate)

-4 -3 -é -1 0

log(conc)
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2.1.4 Standard regression

m0 <- lm(rate ~ conc, data = Puromycin)

plot(m0)
summary (m0)

##

## Call:

## 1lm(formula = rate ~ conc, data = Puromycin)
##

## Residuals:

## Min 10 Median 30

## -49.861 -15.247 -2.861 15.686 48.054
##

## Coefficients:

## Estimate Std. Error t value
## (Intercept) 93.92 8.00 11.74
## conc 105.40 16.92

##H ——-

## Signif. codes: 0 '**x' 0.001 '**'
##

Pr(>[t])

1.09e-10 **x*
3.53e-06 ***

LN

0.05

0.1

## Residual standard error: 28.82 on 21 degrees of freedom

## Multiple R-squared:
## F-statistic: 38.81 on 1 and 21 DF,

confint (m0)

## 2.5 % 97.5 %
## (Intercept) 77.28643 110.5607
## conc 70.21281 140.5832

p-value:

ml <- lm(rate ~ log(conc), data = Puromycin)

plot(ml)
summary (ml)

##
## Call:
## lm(formula = rate ~ log(conc), data

##

0.6489, Adjusted R-squared:

0.6322

3.526e-06

Puromycin)

1

27
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## Residuals:

## Min 10 Median 30 Max

## -33.250 -12.753 0.327 12.969 30.166

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t])

## (Intercept) 190.085 6.332  30.02 < 2e-16 *x**

## log(conc) 33.203 2.739 12.12 6.04e-11 ***

## ——=

## Signif. codes: 0 '***' (0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##

## Residual standard error: 17.2 on 21 degrees of freedom
## Multiple R-squared: 0.875, Adjusted R-squared: 0.869
## F-statistic: 146.9 on 1 and 21 DF, p-value: 6.03%e-11

confint (ml)

## 2.5 % 97.5 %
## (Intercept) 176.91810 203.2527
## log(conc) 27.50665 38.8987
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2.1.5 Paired bootstrap

# Your turn
library (boot)

reg func <- function(dat, idx) {
# write a regression function that returns fitted beta

}

(43
0?

Standardized residuals

Standardized residuals
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2 Parametric Bootstrap
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# use the boot function to get the bootstrap samples

# examing the bootstrap sampling distribution, make histograms

# get confidence intervals for beta 0 and beta 1 using boot.ci
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2.1.6 Bootstrapping the residuals

# Your turn
library (boot)

reg func 2 <- function(dat, idx) {
# write a regression function that returns fitted beta
# from fitting a y that is created from the residuals

# use the boot function to get the bootstrap samples
# examing the bootstrap sampling distribution, make histograms

# get confidence intervals for beta 0 and beta 1 using boot.ci
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