
�µ� Bootstrap CIs �

�µ� Bootstrap CIs

We will look at {ve different ways to create con{dence intervals using the boostrap and
discuss which to use whenµ

�µ Percentile Bootstrap CI

�µ Basic Bootstrap CI

�µ Standard Normal Bootstrap CI

�µ Bootstrap 

�µ Accelerated BiasÅCorrected ÁBCaÂ

Key ideas¯

(student-zed)

H

adjusted for skewness

Also which method to use when
.

① when you say
" we used bootstrapping to estimate CI

"

,
you need to

say wh
!

② whatever you are bootstrapping needs to be independent (unless you
are doing something special

- we 'll talk about this later)
-

③ Bootstrapping ads an attempt to simulate replication
(think about interpretation of a CI)

-
"
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1µ4µ1 Percentile Bootstrap CI

Let  be bootstrap replicates and let  be the  quantile of µ

Then, the  Percentile Bootstrap CI for  is

In R, if booWVWUaS.UeSV = c( ), the percentile CI is

Assumptions»usage

TXanWile(booWVWUaS.UeSV, c(alSha/2, 1 - alSha/2))

\

( Ean ,
Ei
- aa)

vector of bootstrap sample ( r in the previous example)

Hannah.
① widely used because simple to implinet I explain .

② Use when little bias and skewness in bootstrap dsn .

⑤ Draubacik : CI 's usually too narrow ( coverage too low)

④ Bca intervals usually performs better (nominal aereage) .
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�µ�µ� Balic Boonlnkah CI

The  Balic Boonlnkah CI fok  il

Allomhnionl»olage

( corrects for bias)

CE - Chan - E )
,

E - CE .. - E) )
¢ reentering internal
estimate

← I - ah quantile of based on
the bias

fromthe sample of"
, . . ,

ECB)

⇒ ( Io - Eran
,
2E - Eau )

① Better than percentile bootstrap b/c corrects for bias

( does nothing for skewness)

② harder to explain
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1µ4µ3 Standard Normal Bootstrap CI

From the CLT,

So, the  Standard Normal Bootstrap CI for  is

Assumptions»usage

If E o - data

f - E ( E) are of a specific form.

2- =¥
~ Nch)

① ± zu. sie CE)-
Bootstrap version → estimate self) using Sd (bootstrap sample's)

sd ( E"
,
- o
E'BD

.

① E N Normal ( ECE) , se (E)2)
c- BIG assumption if

£ is not a sample near !

① I is unbiased ECE) -- O
( can use bias corruption w/ this method too)→ see later

code.

③ typically requires large n .
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�µ�µ� Bootstrap  CI ÁStudentized BootstrapÂ

Even if the distribution of  is Normal and  is unbiased for ° the Normal distribution is

not exactlw correct for µ

Additionallw° the distribution of  is unknownµ

 The bootstrap  interval does not use a Student  distribution as the reference disÅ

tribuion° instead we estimate the distribution of a Ìt twpeÍ statistic bw resamplingµ

The  Boostrap  CI is

Overview

To estimate the Ìt stwle distributionÍ for °

µ
this is a

misleading name

(because true estimate self)) .

Ex -- 0÷Yf n ta -i ? X
-

so we cannot ordain the tu
,

-

-

#
f-Lk qua- tile

of the bootstrap

T " t-type
" statistic

CE -tEE ,

E - tinseled
soilE) = se based on E"

.
.
-,
E ""'

t - type statistic : t
'"
=

y
, . . ,
t
'"

-

- ¥;Yfn,
F-bootstrap estimate of se

① compute £ of E based on Ise 1st

② For each replicate b --4 - -'B bootstrap sample .
a) sample w/ replacement from 2C

is, ¥! I
"
"' ' DouBLwE•aB*foTsTRAP€

c) for each replicate r
-

- ti - - s R
e) compute t-style stat : t" = I

'"
- E

D sample w/ replant from K
"

steep
x"'M = HMM , - . ,x9"") ③ get quartiles Eau , Ethan

ii) compute ECHR)

d) compute second) = sd ( E
"""

, - ,
E""") ④ compute CI .
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Assomptions»osage

① Requires small bias and skewness in the bootstrap
dsn

.

* ② Computationally intensive

③ Assumes I is independent of Te CE ) .
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1µ4µ� BCa CIs

Modi�ed version of percentile intervals that adjusts for bias of estimator and skewness of
the sampling distributionµ

This method automatically selects a transformation so that the normality assumption
holdsµ

Idea¯

The BCa method uses bootstrapping to estimate the bias and skewness then modi�es
which percentiles are chosen to get the appropriate con�dence limits for a given data setµ

In summary°

←
accellerated

Sias - corrected
bootstrap

CI .

- -

Assume there exists a monotonically r function g
and a

constant as
.
b such that

✓ = gwYIa8g¥-, + b ~ Nco . it .

where ltagcot - o

Bca is like the percentile bootstrap ,
but instead of

Cahan
,

Iran)

Bca chooses "better " quartiles (not 42 I l -Nz)

to account for bias and skewness .

Assumptione
① Better Inertial & practical performance than

percentile bootstrap (better average)

② Harder to explain .
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Your Turn

We will consider a telephone repair evample from Hesterberg Á����Âµ VeUi]on has repair

times° with two groups° CLEC and ILEC° customers of the ÌCompetitiveÍ and ÌIncumÅ

bentÍ local evchange carrierµ

##    Time GUoXS 

## 1 17.50  ILEC 

## 2  2.40  ILEC 

## 3  0.00  ILEC 

## 4  0.65  ILEC 

## 5 22.23  ILEC 

## 6  1.20  ILEC

Group mean sd min mav

CLEC ��µ������ ��µ����� � ��µ��

ILEC �µ������ ��µ����� � ���µ��

libUaU\(UeVamSle) # package containing the data

daWa(VeUi]on)
head(VeUi]on)

VeUi]on %>%

  gUoXS_b\(GUoXS) %>%
  VXmmaUi]e(mean = mean(Time), Vd = Vd(Time), min = min(Time), ma[ = 
ma[(Time)) %>%

  kable()

ggSloW(VeUi]on) +
  geom_hiVWogUam(aeV(Time)) +
  faceW_ZUaS(.aGUoXS, VcaleV = "fUee")

Verizon required by law to wire

both sets of customers at the same

speed .

T A Verizon
other carriers customers
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1µ� Bootstrapping CIs

There are many bootstrapping packages in R° we will use the booW packageµ The function
booW generates  resamples of the data and computes the desired statisticÁsÂ for each
sampleµ This function requires � arguments¯

1µ data ß the data from the original sample Ádataµframe or matrixÂµ
2µ statistic ß a function to compute the statistic from the data where the �rst arguÅ

ment is the data and the second argument is the indices of the obervations in the
boostrap sampleµ

�µ  ß the number of bootstrap replicatesµ

ggSloW(VeUi]on) +
  geom_bo[SloW(aeV(GUoXS, Time))



18 1 Nonparametric Bootstrap

If we want to get Bootstrap CIs, we can use the booW.ci function to generate the 5 dif-
ferent nonparamteric bootstrap con�dence intervals.

## BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS 

## BaVed on 2000 booWVWUaS UeSlicaWeV 

##  

## CALL :  

## booW.ci(booW.oXW = booW.ilec, conf = 0.95, W\Se = c("SeUc", "baVic",

libUaU\(booW) # package containing the bootstrap function

mean_fXnc <- fXncWion([, id[) ^
  mean([[id[])
`

ilec_WimeV <- VeUi]on[VeUi]on$GUoXS == "ILEC",]$Time

booW.ilec <- booW(ilec_WimeV, mean_fXnc, 2000)

SloW(booW.ilec)

booW.ci(booW.ilec, conf = .95, W\Se = c("SeUc", "baVic", "noUm", 
"bca"))



1µ5 Bootstrapping CIs 19

  

##     "noUm", "bca")) 

##  

## InWeUYalV :  

## LeYel      NoUmal              BaVic          

## 95%   ( 7.719,  9.114 )   ( 7.709,  9.119 )   

##  

## LeYel     PeUcenWile            BCa           

## 95%   ( 7.704,  9.114 )   ( 7.752,  9.164 )   

## CalcXlaWionV and InWeUYalV on OUiginal Scale

## [1] 7.709670 9.104182

## [1] 7.719039 9.113551

##     2.5%    97.5%  

## 7.707656 9.111150

##    97.5%     2.5%  

## 7.712071 9.115565

## we can do some of these on our own
## normal
mean(booW.ilec$W) + c(-1, 1)*TnoUm(.975)*Vd(booW.ilec$W)

## normal is bias corrected
2*mean(ilec_WimeV) - (mean(booW.ilec$W) - c(-1, 
1)*TnoUm(.975)*Vd(booW.ilec$W))

## percentile
TXanWile(booW.ilec$W, c(.025, .975))

## basic
2*mean(ilec_WimeV) - TXanWile(booW.ilec$W, c(.975, .025))
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To get the studentized bootstrap CI, we need our statistic function to also return the variÅ
ance of µ

## BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS 

## BaVed on 2000 booWVWUaS UeSlicaWeV 

##  

## CALL :  

## booW.ci(booW.oXW = booW.ilec_2, conf = 0.95, W\Se = "VWXd") 

##  

## InWeUYalV :  

## LeYel    SWXdenWi]ed      

## 95%   ( 7.733,  9.231 )   

## CalcXlaWionV and InWeUYalV on OUiginal Scale

Which CI should we use¶

mean_YaU_fXnc <- fXncWion([, id[) ^
  c(mean([[id[]), YaU([[id[])/lengWh(id[))
`

booW.ilec_2 <- booW(ilec_WimeV, mean_YaU_fXnc, 2000)
booW.ci(booW.ilec_2, conf = .95, W\Se = "VWXd")

sample dsn

All very similar ,
✓
donesit look very shared or biased .

B.Ca is my default choice because has good coverage

Percentile / Basic not bad ( based on shape /bias of dsn ) -

especially if explaining to stakeholders.

n large ⇒ Normal not a bad choice based

on QQ plot .
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1µ� Bootstrapping for the difference of two means

Given iid draws of size  and  from two populations° to compare the means of the two
groups using the bootstrap°

The function WZo.booW in the VimSlebooW package is used to bootstrap the difference
between univariate statisticsµ Use the bootstrap to compute the shape° bias° and bootstrap
sample error for the samples from the VeUi]on data set of CLEC and ILEC customersµ

libUaU\(VimSlebooW)

clec_WimeV <- VeUi]on[VeUi]on$GUoXS == "CLEC",]$Time

diff_meanV.booW <- WZo.booW(ilec_WimeV, clec_WimeV, "mean", R = 2000)

ggSloW() +
  geom_hiVWogUam(aeV(diff_meanV.booW$W)) +
  [lab("mean(ilec) - mean(clec)")

TTnoUm(diff_meanV.booW$W) 
TTline(diff_meanV.booW$W)

①
statistics

( )
some statistic

④ for replicates b-- l
, - - ,

B

a) draw aresample of size n w/ replacement from sample I and separately
of size in from sample 2 -

b) Compute a statistic that compares
thetwo group leg

.EE
,
- Ia)

⑦ Construct the bootstrap dsn of statistic E
"
,
- ,
f- "D-

-inspectshape,
bias

,
Ie

⑤ compute the appropriate CI .

2-

y
E" , .

. ,
EB
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Which con{dence innektall lhoold ue ole¶

Il nheke etidence nhan

il kejecned¶

# Your turn: estimate the bias and se of the sampling distribution

# Your turn: get the chosen CI using boot.ci

] grew
ness
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2 Parametric Bootstrap
In a nonparametric bootstrap, we

In a parametric bootstrap,

For both methods,



2� 2 Parametric Bootstrap

2µ1 Bootstrapping for linear regression

Consider the regression model  with µ

Two approaches for bootstrapping linear regression models Ä

1µ 

2µ 

2µ1µ1 Bootstrapping the residuals

1µ Fit the regression model using the original data

2µ Compute the residuals from the regression model°

3µ Sample  with replacement from µ

�µ Create the bootstrap sample

�µ Estimate 

�µ Repeat steps 2Å�  times to create  bootstrap estimates of µ

Assumptions¯
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2.1.2 Paired bootstrapping

Resample  from the empirical distribution of the pairs .

Assumptions:

2.1.3 Which to use¶

1. Standard inferences Å 

2. Bootstrapping the residuals Å 

3. Paired bootstrapping Å 
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Y`ok Tok^
Thil dana len il nhe Pok`mwci^ dana i^ Rµ The g`al il n` ckeane a kegkelli`^ m`del ab`on
nhe kane `f a^ e^zwmanic keacni`^ al a fo^cni`^ `f nhe loblnkane c`^ce^nkani`^µ

##   conc UaWe   VWaWe 

## 1 0.02   76 WUeaWed 

## 2 0.02   47 WUeaWed 

## 3 0.06   97 WUeaWed 

## 4 0.06  107 WUeaWed 

## 5 0.11  123 WUeaWed 

## 6 0.11  139 WUeaWed

## [1] 23  3

head(PXUom\cin)

dim(PXUom\cin)

ggSloW(PXUom\cin) +
  geom_SoinW(aeV(conc, UaWe))

ggSloW(PXUom\cin) +
  geom_SoinW(aeV(log(conc), (UaWe)))
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�µ�µ� Standard regression

##  

## Call: 

## lm(foUmXla = UaWe a conc, daWa = PXUom\cin) 

##  

## ReVidXalV: 

##     Min      1Q  Median      3Q     Ma[  

## -49.861 -15.247  -2.861  15.686  48.054  

##  

## CoefficienWV: 

##             EVWimaWe SWd. EUUoU W YalXe PU(>_W_)     

## (InWeUceSW)    93.92       8.00   11.74 1.09e-10 *** 

## conc          105.40      16.92    6.23 3.53e-06 *** 

## --- 

## Signif. codeV:  0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 

##  

## ReVidXal VWandaUd eUUoU: 28.82 on 21 degUeeV of fUeedom 

## MXlWiSle R-VTXaUed:  0.6489, AdjXVWed R-VTXaUed:  0.6322  

## F-VWaWiVWic: 38.81 on 1 and 21 DF,  S-YalXe: 3.526e-06

##                2.5 %   97.5 % 

## (InWeUceSW) 77.28643 110.5607 

## conc        70.21281 140.5832

##  

## Call: 

## lm(foUmXla = UaWe a log(conc), daWa = PXUom\cin) 

##  

m0 <- lm(UaWe a conc, daWa = PXUom\cin)
SloW(m0)
VXmmaU\(m0)

confinW(m0)

m1 <- lm(UaWe a log(conc), daWa = PXUom\cin)
SloW(m1)
VXmmaU\(m1)
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## ReVidXalV: 

##     Min      1Q  Median      3Q     Ma[  

## -33.250 -12.753   0.327  12.969  30.166  

##  

## CoefficienWV: 

##             EVWimaWe SWd. EUUoU W YalXe PU(>_W_)     

## (InWeUceSW)  190.085      6.332   30.02  < 2e-16 *** 

## log(conc)     33.203      2.739   12.12 6.04e-11 *** 

## --- 

## Signif. codeV:  0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 

##  

## ReVidXal VWandaUd eUUoU: 17.2 on 21 degUeeV of fUeedom 

## MXlWiSle R-VTXaUed:  0.875,  AdjXVWed R-VTXaUed:  0.869  

## F-VWaWiVWic: 146.9 on 1 and 21 DF,  S-YalXe: 6.039e-11

##                 2.5 %   97.5 % 

## (InWeUceSW) 176.91810 203.2527 

## log(conc)    27.50665  38.8987

confinW(m1)
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�µ�µ� Paired bootstrap

# Your turn
libUaU\(booW)

Ueg_fXnc <- fXncWion(daW, id[) ^
  # write a regression function that returns fitted beta
`

# use the boot function to get the bootstrap samples

# e[aming the bootstrap sampling distribution, make histograms

# get confidence intervals for beta_0 and beta_1 using boot.ci
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�µ�µ� Bootstrapping the residoals

# Your turn
libUaU\(booW)

Ueg_fXnc_2 <- fXncWion(daW, id[) ^
  # write a regression function that returns fitted beta
  # from fitting a \ that is created from the residuals
  

`

# use the boot function to get the bootstrap samples

# e[aming the bootstrap sampling distribution, make histograms

# get confidence intervals for beta_0 and beta_1 using boot.ci


