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� Monte Carlo Methods for Hypothesis Tests

There are two aspects of hypothesis tests that we will investigate through the use of

Monte Carlo methods¯ Type I error and Powerµ

Example �µ� Assume we want to test the following hypotheses

with the test statistic

This leads to the following decision rule¯

What are we assuming about ¶

�µ� Types of Errors

Type I error¯

Type II error¯
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Fail to correct Type I error

reject Ho decision
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� � Hypothesis Tests

Usually we set  or ° and choose a sample size such that power ß 

µ

For simple cases° we can {nd formulas for  and µ

�µ� MC Estimator of 

Assume  Áiµeµ° assume  is trueÂµ

Then° we have the following hypothesis test Ä

and the statistics ° which is a test statistic computed from dataµ Then we reject  if 

 the critical value from the distribution of the test statisticµ

This leads to the following algorithm to estimate the Type I error of the test Á Â
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For all others , we can use Monte
Carlo integration to

estimate & and I -p
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For replicate j -- l , . . . , m
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nun distribution '

l . Generate Xi" . . . , Xnc" n f-Coo )

2 . Compute Ttc" = y ( Xii) , . . . , xcnil ) where T is a function of data .

3 . Let Ij = { I if reject Ho based on this
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Ij = estimate type I err- rate ( F (reject Hot Ho true))
and Feld) = = estimate of %) =

estimated uncertainty
about estimator of a
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why? Vare 2) = III. Var Ij , and Ij
"it Bernoulli Cp) , where

⇒ varIj =L ( t- a) p
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- P ( reject Ho l Xi , . , Xan flood = a

⇒ varia) = Im all - a)
⇒ voir CI) = Im Ill -H .



�µ� MC Estimator of αα lpha �

Your Turn
Evample �µ� ÁPearsonÏs moment coef{cient of skewnessÂ Let  where  and

µ Let

Then for a

swmmetric distribution° °
positivelw skewed distribution° ° and
negativelw skewed distribution° µ

The following is an estimator for skewness

It can be shown bw Statistical theorw that if ° then as °

Thus we can test the following hwpothesis

bw comparing  to a critical value from a  distributionµ

In practice° convergence of  to a  is slowµ

We want to assess  for  for µ
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�� � Hwponhelil Telnl

libUaU\(Wid\YeUVe)

# compare a V\mmeWric and VkeZed diVWribXWion
daWa.fUame([ = VeT(0, 1, lengWh.RXW = 1000)) %>%
  mXWaWe(VkeZed = dbeWa([, 6, 2),
         V\mmeWUic = dbeWa([, 5, 5)) %>%
  gaWheU(W\Se, dVn, -[) %>%
  ggploW() +
  geom_line(aeV([, dVn, cRlRXU = W\Se, lW\ = W\Se))

## ZriWe a VkeZneVV fXncWion baVed on a Vample [
VkeZ <- fXncWion([) ^
  
`

## check VkeZneVV of Vome VampleV
n <- 100
a1 <- UbeWa(n, 6, 2)
a2 <- UbeWa(n, 2, 6)

## WZo V\mmeWric VampleV
b1 <- UnoUm(100)
b2 <- UnoUm(100)

## fill in Whe VkeZneVV YalXeV
ggploW() + geom_hiVWogUam(aeV(a1)) + [lab("BeWa(6, 2)") + 
ggWiWle(paVWe("SkeZneVV = "))
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[ add in skewness
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�µ� MC Estimator of αα lpha ��

Example �µ� ÁPearsonÏs moment coef{cient of skewness with variance correctionÂ One

waw to improve performance of this statistic is to adjust the variance for small samplesµ It

can be shown that

Assess the Twpe I error rate of a skewness test using the {nite sample correction varianceµ

ggploW() + geom_hiVWogUam(aeV(a2)) + [lab("BeWa(2, 6)") + 
ggWiWle(paVWe("SkeZneVV = "))

ggploW() + geom_hiVWogUam(aeV(b1)) + [lab("N(0, 1)") + 
ggWiWle(paVWe("SkeZneVV = "))

ggploW() + geom_hiVWogUam(aeV(b2)) + [lab("N(0, 1)") + 
ggWiWle(paVWe("SkeZneVV = "))

## AVVeVV Whe P(T\pe I Error) for alpha = .05, n = 10, 20, 30, 50, 
100, 500


