
��

���]h`kn>^GK�1>]h[S^Q

>^�uK�I`�FKnnKk�nR>^�nRK�lS]h[K�"`^nK�
>k[`�KlnS]>n`k�`P

uRKkK�nRK�t>kS>F[Kl� �>kK�k>^I`][w�l>]h[KI�Pk`]� ¶

;Kl²²

�`>[¯�KlnS]>nK�S^nKQk>[l�uSnR�[`uKk�t>kS>^GK�nR>^�nRK�lS]h[Kln�"`^nK�
>k[`�>hhk`>GRµ

2`�>GG`]h[SlR�nRSl°�uK�uS[[�olK�S]h`kn>^GK�l>]h[S^Qµ

�µ��2RK�-k`F[K]

�P�uK�>kK�l>]h[S^Q�>^�KtK^n�nR>n�I`Kl^Ïn�`GGok�PkKjoK^n[w°�nRK^�nRK�^>StK�"`^nK�
>k[`�KlnSÅ
]>n`k�uS[[�R>tK�RSQR�t>kS>^GKµ

�v>]h[K��µ��"`^nK�
>k[`�S^nKQk>nS`^�P`k�nRK�ln>^I>kI�#`k]>[�GIPµ�
`^lSIKk�KlnS]>nS^Q�
�`k� µ

9K�u>^n�n`�S]hk`tK�>GGok>Gw�Fw�G>olS^Q�k>kK�KtK^nl�n`�`GGok�]`kK�PkKjoK^n[w�nR>^�nRKw
u`o[I�o^IKk�nRK�^>StK�"`^nK�
>k[`�l>]h[S^Q�Pk>]Ku`kZ°�nRKkKFw�K^>F[S^Q�]`kK�hkKGSlK
KlnS]>nS`^µ

-

↳ more efficient estimator

-

rare event

a.
LAW 61

11

P(XE3)

÷↳a events out here are rare
⇒ he may not get a lot of samples in tree

,
,,M¥

.

-

-

place more
"

importance" on the rare emts than he normally would by upweighting their chance

of occurrence and he correcting out estimator.

For very rare
events

, large reductions in the variance at the AC

estimator are possible .
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`^lSIKk�>�IK^lSnw�Po^GnS`^� �uSnR�lohh`kn� µ�
`^lSIKk�nRK�KvhKGn>nS`^�`P� °

 Kn� �FK�>�IK^lSnw�uRKkK� �P`k�>[[� µ�2RK^�nRK�>F`tK�ln>nK]K^n�G>^�FK
kKukSnnK^�>l

�^�KlnS]>n`k�`P� �Sl�QStK^�Fw�nRK�S]h`kn>^GK�l>]h[S^Q�>[Q`kSnR]¯

�µ�

�µ�

�`k�nRSl�lnk>nKQw�n`�FK�G`^tK^SK^n°�Sn�]oln�FK

where X n f
.

Importance
port .
-

T support of § Covers the support off. downweighting
back to what

I re reed w/ f.

o -- Elgar ) -- s*smY÷%⇒dx=E[gHtf¥]wY;
¢ is called the importance sampling function

"

PT!!'The,
- importance weight

¢ Must be a density ( integrate to 1 , and he 20 always) .

Sample Xi , - yXm from ¢

Compute

⑤ '- I gCxifflexi .

① easy
to sample from of

② easy to evaluate f ( even if its not easy
to sample from f) .
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�v>]h[K��µ��1ohh`lK�w`o�R>tK�>�P>Sk�lSvÅlSIKI�ISKµ�9K�u>^n�n`�KlnS]>nK�nRK�hk`F>FS[Snw
nR>n�>�lS^Q[K�ISK�k`[[�uS[[�wSK[I�>� µ

Let X = result of rolling 1 fair six - sided die.

Want to estimate f(X=l) .
We could this is a MC approach .

① Roll the die m times
-
You are sampling X

. >→ Xm

② Use a point estimator of P(X=i ) as proportion of ones in the sample.
from f

.

-

estimate PCX=D

The variance of the estimator is -356mi if he die is fair. III. ICXi =D .

why ?

X'- Eli . . , 63 f Cx) = { % x 't. . ., 6

O O -
w

.

Define y = {
' it * '

⇒ Y ~ Bernoulli (T)
.

O O .W .

EY =p = I Expected # of Is in m rolls ..

Vary -- pu - p)
-

- I (f) = If ECE.IT -- E.Ey=3

f- = mt ¥
,

Yi ← proportion of Is in our sample.

ECE ) -- Ef 's Iii) - tmECE.li/=tmoF-- T '

mane neasunot

variability th ar. V.

Var Var #Iii) -- #E. vary . -- hi
,

Is = Fm- I used alot in
✓ chemistry and

physics .

We can consider the " coefficient of variation " Cv G) = Efx

If we want a CV of 5%
,

then what valve of m door need?
want

.

cut '÷I= =
t.TL E. os
%
I = (t lost)

'

36ns

5

m = 2
= 2000 rolls.

-

want to lower

this
.
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To reduce the # of rolls , we could consider biasing the die

by replacing the faces bearing 2 and 3 with additional Is
.

This increases the probability of rolling a 1 to 0.5
,
but now he

aren't sampling from the target dsn ( a fair die roll ) .

Now fly --D= I
PCX-27=11×-37--0
Play) -- flies)-1*67=4

Can correct this by
- weighting each roll of a 1 by }

11

- Let Yi = { I if X - I

0 otherwise.

Then the expectation of
the sample mean ofE

is t

C- (E) = II. EY -- EY -- f. I t0Eotof)
=
,

= 0

But the variance is

Var [ End ) -- II. vary. - i 's Vary
= Iits ) = ITM

Ey
-
= ftp.T -

- Tse
so to aches've a CV of 8% , he would need only

= as
I

6 I
solve fer m m= 36 (I x.057

= 400 ned Is
.
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�µ��
R``lS^Q�

�^�`kIKk�P`k�nRK�KlnS]>n`kl�n`�>t`SI�KvGKllStK�t>kS>FS[Snw°�Sn�Sl�S]h`kn>^n�nR>n� �Sl
F`o^IKI�>^I�nR>n� �R>l�RK>tSKk�n>S[l�nR>^� µ

�v>]h[K��µ�

�v>]h[K��µ�

��k>kK�Ik>u�Pk`]� �uSnR�]oGR�RSQRKk�IK^lSnw�o^IKk� �nR>^�o^IKk� �uS[[�kKGKStK�>�RoQK
uKSQRn�>^I�S^|>nK�nRK�t>kS>^GK�`P�nRK�KlnS]>nKµ

1nk>nKQw�Ä

�v>]h[K��µ�

This die rolling example is successful because our importancesampling function (rolling a die w/ 3 ones )
is used to our sample a portion of the

state space that thieves lower probability under the target dsn .
and importune sampling corrects that bias .

f.
more efficiency importance weight

① ①
0

If this requirement is not met
, then some importance heights will

be huge , (we will increase variance of estimators)

If we ignore requirement that 412C) so when fbc) 20,

±÷i÷÷÷:±÷÷:÷¥.

If we select 10 with lighter tails than f

Athos.
" FIT winseia.ge

-
Thus

.

x- s draw
will have a large height

⇒make integral approximation peon .

-

what we don't want!

Up!Faizan
!

choose the function of so tht Stavola) is large only

when gtx ) is small . ( want gtmf to be close to

0174 constant
)

if we select appropriate 4
8107
i Hoy Co) will be large
g -

10km##"g flygcs) will be small . Rare

\
&
.2¥ draw from f should have small

X-- O X- S

right.
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2RK�S]h`kn>^GK�l>]h[S^Q�KlnS]>n`k�G>^�FK�lR`u^�n`�G`^tKkQK�n`� �o^IKk�nRK�1  #�l`
[`^Q�>l�nRK�lohh`kn�`P� �S^G[oIKl�>[[�`P�nRK�lohh`kn�`P� µ

�µ��
`]h>kK�n`�-kKtS`ol�"`^nK�
>k[`��hhk`>GR


`]]`^�Q`>[�Ä

1nKh����`�l`]K�IKkSt>nS`^lµ

>µ��S^I�>^�>hhk`hkS>nK� �>^I� �n`�kKukSnK�w`ok�S^nKQk>[�>l�>^�KvhKGnKI�t>[oKµ�

Fµ��`k�S]h`kn>^GK�l>]h[S^Q�`^[w°

�S^I�>^�>hhk`hkS>nK� �n`�kKukSnK� �>l�>^�KvhKGn>nS`^�uSnR�kKlhKGn�n`� µ�

1nKh���9kSnK�hlKoI`ÅG`IK�Á>�h[>^Â�n`�IK{^K�KlnS]>n`k�>^I�lKnÅoh�nRK�>[Q`kSnR]µ

�`k�"`^nK�
>k[`�S^nKQk>nS`^

�µ�

�µ�

�`k�S]h`kn>^GK�l>]h[S^Q

�µ�

�µ�

1nKh���-k`Qk>]�Snµ

-

estimate an integral Shcx> doc

⑦ = Shlxldx = Fog ftxdx = Eg Cx) where X ref.

-

Nott

peg; Twined . 0=19%4673,060 doc -- Efg tf¥]wmxn0 .

Sample Xb . .> Xm ~ f

① = gcxil .

Sample Xi , - .> Xm
~ Of

⑤ = 's ⇐ gcxi)SHi)
-

importance night .



�� ���]h`kn>^GK�1>]h[S^Q

�µ���vnK^IKI��v>]h[K

�^�nRSl�Kv>]h[K°�uK�uS[[�KlnS]>nK� �olS^Q�"
�S^nKQk>nS`^�>^I�S]h`kn>^GK
l>]h[S^Q�uSnR�nu`�ISPPKkK^n�S]h`kn>^GK�l>]h[S^Q�ISlnkSFonS`^l°� µ

① ②
a) and b)

.

a
;;÷::÷:*. .*⇒=o:÷

""

o.si si a.

= ! ,¥HxeDe"dx=Ef¥iHx'D
where X~Exp( l) .

Need !

E[gCX)) where Xnfxpd )

⇒ signed. compute%I÷
- f- so

. Ilxeildx
✓

=fjf÷t(oExeDdx

Option ① MC Integration (ne Ib step)

option ② Importance sample.my with

a) Cfr Uniform (q1 ) 4aGa={ to
'Fo ?? C"" you can

check

this integrates

b) 9N Expel) rescaled to hare support OEKE
' tot and

⇒ %Ga={E osset Egan
O ow .

⇒ valid

taek pdf .
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①
sT Option 2 a) Galah I 02-44 .

a- = EIGHT -
- fight Kal doo

= f? ¥. If xs , 7
EI

- I doo

neg
, www 'T

,

ELIE]
.

= Efttxztfxe D. Ex) wrt Ga .

option 2b) Cfb -- e-
"

Lte ' of Kel .

" Ethan) -- Ism 'f'÷, # da.
Hour!¥ 'I doc

= EL:t ICED ] urtos .

-

- 1 This is

STE④ Make a plan .

" Etty) always tire.

Option :

I . Sample Xi , - , Xm from Exp CD

2 .
E- think't. Ilxie 'D

option :

I . Sample Xi , - . ,Xm ~ Unit ( o , D

2
.

E -- I ÷.1CxisDe
"

= MLE,¥*E
"

-

This will

always hold .
.
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Option 2b
-

① Sample m
-

- 1000
, X. , →

Xm int Ob using the inwrsetransfrm-meh.cl.

a) Sample Ui , . ., Um in uniform (od) .
b) Set Xi = F' (Ui) .

F. can do =
-÷. ¥1: t.ec:D

.

"

: :
"

U = Foa la) = l-e
It e- '

u ( It E) = I - e-
a

e-
"

= I - v ( it e-
')

-

go = log ( l - ult t debate, this .

F-
'

tu) -- x -- - log Cl - uCHOE'D

② compute E -- I ,Ei¥e


