
Chapter 6: Monte Carlo Integration
Monte Carlo integration is a statistical method based on random sampling in order to apÅ
proximate integralsµ This section could alternatively be titled°

ÌIntegrals are hard° how can we avoid doing them¶Í
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1 A Tale of Two Approaches
Consider a oneÅdimensional integralµ

The value of the integral can be derived analytically only for a few functions° µ For the
rest° numerical approximations are often usefulµ

Why is integration important to statistics¶

1µ1 Numerical Integration

Idea¯ Approximate  via the sum of many polygons under the curve µ

To do this° we could partition the interval  into  subintervals  for 
 with  and µ

Within each interval° insert  nodes° so for  let  for ° then

for some set of constants° µ

Jaffa du
W

" integrand
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Mary quantities of interest in inferential statistics can be expressed as the

expectation ofa froth of a r. r.
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1µ2 Monte Carlo Integration

How do we compute the mean of a distribution¶

Example 1µ1 Let  and µ

Theory

x <- seq(0, 1, length.out = 1000)
f <- function(x, a, b) 1/(b - a)
ggplot() + 
  geom_line(aes(x, f(x, 0, 1))) +
  \lim(c(0, 1.5)) +
  ggtitle("Uniform(0, 1)")

y <- seq(10, 20, length.out = 1000)
ggplot() + 
  geom_line(aes(y, f(y, 10, 20))) +
  \lim(c(0, 1.5)) +
  ggtitle("Uniform(10, 20)")
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How
about a dsn tht looks

like

Mhm ??
Probably on 't do this

in closed form .

✓ need to approximate .
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Whan il M`^ne Cak[` li]o[ani`^¶

= parameter ( unknown ) .

= estimate , of 0 ,
statistic ( sometimes we write I

,
5

,
etc

.
instead of d )

.

= sampling distribution

= on average ,
what is the role af I ?

theoretical mean of the distribution of £ ( sampling dsn ) .

- = theoretical variance of £
variance of the sampling dsn of £ .

7 = estimated mean of dsa of f-
Fd
IN
es

Ia!÷!÷§ = """" d ""
"

" " H d" "£ '

= TIE) = theoretical se. of I = Sd of sampling dsn of E .

>
-
-TVE = estimated se of E -

- estimated Sd of sampling din
off .

Computer simulation that generates a large number of samples from a

distribution . the distribution characterizes the population from which the

sample is drawn .

( sounds a lot like ch . 3) .
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1µ2µ� Monte Carlo Integration

To approximate ° we can obtain an iid random sample 
from  and then approximate  via the sample average

Example 1µ2 Again° let  and µ To estimate  and 
 using a Monte Carlo approach°

Now consider µ

The Monte Carlo approximation of  could then be obtained by

1µ 

2µ 

I ①
parameter
characterizes ②

apopulation .

was:
'Em. E -

- mt Epi a Ex
to estimate .

① draw Xi , . . , Xm
~ Uniflo, I ) .

② compute E =L ?? I ① draw Y
' ' - ' ' Ym ~ Unit Clo, 20)

Xi ② Compute f- = ut Eg Yi

This is useful when we can
't compute + EX

'h closed form
.
Also useful for approximating

other integrals .

Draw Xi , - . , Xmrv f-

Compute I = mt gcxi)
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De�nition �µ� Monte Carlo integration is the statistical estimation of the value of an inteÅ
gral using evaluations of an integrand at a set of points drawn randomly from a distirbuÅ
tion with support over the range of integrationµ

Example �µ�

Why the mean¶

Let ° then

and° by the strong law of large numbers°

Example �µ� Let ° where ° and assume  has �nite exÅ
pectation under µ Then

We can estimate this using a Monte Carlo approachµ

-

① parameter estimation
e
.

Linear models rs
. generalized liker models.

Y = XpTE
EN N ( 0c64

, § = C×txT' XTY closed form solution .

Gim : You Biron Cp)
logit Cp) = pot fix →

no estimates for Po ad f ,
in closed form.

④ estimate quantities of a dsn . Find y et. 0.9 = ⇐ffx) da.

drew
Xi iidton f

m times

rn

ECI) - Ef't E. glxiD-mtEEglxil-FI.EEgcx) -- I Cotai. . - of = 0.

So E is unbiased
.

f- = II. gcxi ) -5 ECGCXD =a

So I is consistent
.

"
Ekg CX) - E#xD?]

we may
want to approximate

sampling variance of
£

.

Tar (g CX)) = Efycxy) Vac EI --vorft.E.gcxiD-IE.uagcxi)

① Sample Xi , - - , Xm from f-
= tu var g Cx) .

② Compute mt (gcxi ) - of)
' to estimate

,

Approximate ! we don't
knew this . Voir CE) = Im . Varg CX) .

we can replace it with E
-

- IE,gCxi) .
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When Var g CX) exists and is finite
,

the CLT States
.

E-Eo→d
N Con) as m-so .

f¥vorgc
Hence

,
if m is large ,

EE
" " ''

f!
"

"

÷:"'m.in .

We can use this to put confidence
limits or error bounds

on te MC estimate of te integral Q.

We can do inference on the integral 0 !
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Monte Carlo integration provides slow convergence° iµeµÑeven though bw the SLLN we
know we have convergence° it maw take us a while to get thereµ

But° Monte Carlo integration is a verw powerful toolµ While numerical integration methods
are dif{cult to evtend to multiple dimensions and work best with a smooth integrand°
Monte Carlo does not suffer these weaknessesµ

�µ�µ� Algorithm

The approach to {nding a Monte Carlo estimator for  is as followsµ

�µ 

�µ 

�µ 

�µ 

Evample �µ� Estimate µ

-

III!÷¥!nMe{ Mc does not attempt systematic exploration of te p-
dimensional support region off.

H Mc does not require integrand to be smooth
.

* • MC does not require finite support
Shcxldx .

= aEE¥.
before

select f
, g to define

Q -- fhlxldx as an expected value, i.e . Shlxldx --Sg fix> doc

^ { iiiiiiiiiiiiiiiiiii " iiiiiiiiiiiieiiim " aids

in { Sample Xi , - - - , Xm from f .

Compute E = I ¥
,

gcxi )
.

act Co, D

① let f be Uniform Co
, D . density , flat { to aw.

gG4 = had .

② then O '- S! gcxlctdx = So'gGdHx7dx= EgCX) , Xnunifco,D .

③ Sample X , , . . ,
Xm from Unifco , D .

> XE run if Cm) .

④ compute I
-

- I E. glxi) -- hi, hail .
> mean ( h ( xD
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Evamhle �µ� Elnimane µ

Anonhek ahhkoach¯

① Choose f I Umfcq
, by so ffx) = { Ea

" E G'b) fado gag = hhc)
O o .

W -

Ther g Cx)
= ( b -a) . hlx)

.

② 0=5! hindu -- S! Cb-a) hair .# doc = E[ Cb-a) h
,
Xv Unit fails) .

⑦ Sample x , , - , Xm
~ Unit (a,b7 > xervnifcm, a , b) .

④ evaluate Ea th
,

lb -a)hcxi ) > me- ((b-ath HD

map Cais) to CO
, D .

What if I chose Ynvnif Con ) instead ! High { ! !!?!
"

But we care about [ glad ftxldx = E [g CX))
I support off .

Problem : we want to integrate from la
,
b) but support of dsn f is co, D .

So
,

we need a change of variables to use Mc integration .
-

Need a function to map a- Ca, b) to ye lo,
D
.

we will use

stat
stat

can check .

a linear transformation ' f I
dy =
DE

dist
'

-
b - a yK =Y = y s -a

ai.÷¥¥f¥#,→y fork '

- fab hey doc .

starter doc = Cb -a) dy .

dust -- I

now 0=5! hthdx-sjhfylb-atta.co -a) dy
TIL I -- fly )

to get E,
① simulate Yi , -gym from Unf Con)

② E = 'T { hlyiolb -a) ta) . ( b -a)}

we can use this idea if the limits of integration don't match any density .
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Example 1µ7 Monte Carlo integration for the standard Normal cdfµ Let ° then
the pdf of  is

and the cdf of  is

We will look at 3 methods to estimate  for µ

* why
do we

do this ?

because now support of

method note truth xzo
, Ioa, %,.FI get,d!

t " """-

-
I 42

.

① let Y - Unit (o, D .

H's support is Co
,
D

.

Want a function tht maps
tt Co

,
x) to y Eco, D .

druggies . II = It = if t
-
-o ⇒ y

-
- o V

of
it
if t

-

- K ⇒ y
-
- z V

dy -- Edt(
⇒ E- say dt = xdy ,

y

S? exp f- E) dt -

- fi exp f- HII)④dy .

-

←
GG ) T1 -- fan .

② want to estimate Q -

- Ey GII exp C- bill )) where y nun.
-

f Con) .

⑦ Sample Y, , . - , Ym
~ Unit 10,17 . #

④ E -- Biba = 0.5 this.EE#expC-bcYizI )} for a > o .

Method 2 instead ,
could let You Unf ( o, x).
-

derivations , etc. of g → Homeworker
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Method 3
-

let 1 denote an indicator function.

7- ( Z ' z) = {
A if 2- se

O O
- w

.

let Z n NCO , D .

Then Ez[ 1 (Z E x )) =! If 2- Ex) ¢ G) dz o

=

.

100GHz t §0dz
= ! 4GHz = EGO .

So on MC estate of Iola) is

① Generating Z
,
s -

-

y Zm
re NCO, D .

② Iola) -- In
.

117. Ex)
T¥s# of Zi 's Ex

.

Notes
① Can show Method 3 has less bias in te tails and Method 2

has less bias in the center
.

② Method 3 works for any dm to approximate te Cdf ( change f accordingly ).
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1µ2µ5 Inference for MC Estimators

The Central Limit Theorem implies

So° we can construct con�dence intervals for our estimator

1µ 

2µ 

But we need to estimate µ

This holds because X
, , - ,

Xm iid f.

E-Ef M E -- I E. gcxil .
seco's → M¥5

→
d
Nco , i )

98% CI for E which estimates Ecg 1=0 : EI 1.96M¥
Iq norm (0.975)

fltw) 95% CI for IIa) : Iola 's 1.96 Tvxq
(recap) .

Assume 0 = Efg ( x ) ) = [gthfG4dK recall

6- = Var (g (x)) . ( glad - Egan)
-

flat doc
!

Var E -- Var Em E. gcxi)) -- ha varfgcxil ) = E-

stunt viral -- EI -- Ifa E.Glxil - of?!! # E. lgcxitoivi.
Testing variance of the says "7 distribution of Ian messmate) .

Recall we usually use s
' =m÷i§( Xi - I) ' to estimate 6?

why not use s
' if IT instead of G ' with tin ?

For MC integration , m is large so m÷, I tan .

EI it m
-
- I ooo , ht, - Im = 1×10-6

Sene beeks use IT
,
s.
vi. (E) = Tmp ,

(glxi) - EY
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So° if  then µ How much does changing  matter¶

Example 1µ� If the current  based on  samples° how many more samples do

we need to get ¶

Is there a better way to decrease the variance¶ Yes²

se CEI --E

current se (E) = =

. ol

(÷ =
.
0001

o ta = f. 0001 )
-

C. oil
'
. ta = C. ooo15

a-- C::⇒
'

q = 10
,

000

So we would need 10,000 Xm samples to achein Sec E) = . oooh !


