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7 Limit Theorems

Motivation

For some new statistics, we may want to derive features of the distribution of the statistic.

When we can’t do this analytically, we need to use statistical computing methods to ap-
proximate them.

We will return to some basic theory to motivate and evaluate the computational methods
to follow.

7.1 Laws of Large Numbers

Limit theorems describe the behavior of sequences of random variables as the sample size
increases (n — 00).
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Often we describe these limits in terms of how close the sequence is to the truth.
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7.2 Central Limit Theorem 15

7.2 Central Limit Theorem i

Theorem 7.1 (Central Limit Theorem (CLT)) Let Xi,..., X, bea from a
distribution with mean p and finite variance o2 > 0, then the limiting distribution of

Z,= 2 tisN,1).  [[Lorrvguce (1 Al it ion ]

o/vr 6,2
Cve. Ko~ X Wt XN (M, 4)
Interpretation:
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SCHatishe ote that the CL'T doesn’t require the population distribution to be Normal.
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8 Estimates and Estimators

Let X1,..., X, be a random sample from a population.

Let T;, = T(X1,...,Xy) be a function of the sample.

Tre s TV’ s a stabepc!
ad e pdf 97&74 s called P f“mﬂ

Statistics estimate ﬁa/l’@\%
Example 8.1
X estimates /U»

a _ \ 2
gt = T;'\/ {—I(x(‘%bz cchmafes €

| o(ﬂfhé“/“w' ﬁ7L
7 T,

S 2fsr  eShwades £

Definition 8.1 An estimator is a rule for calculating an estimate of a given quantity.
Definition 8.2 An estimate is the result of applying an estimator to observed data samples

in order to estimate a given quantity.

A GMH’HL IS o f)on\/\T e ¢hmator,
oo Cshhedzs
O CI 'ps an /\4 ‘)f/.rd aslj—;/vwx‘(b/: AJM) /‘/1’\@7

We need to be careful not to confuse the above ideas:

X ’F/"‘U"‘M O{’ rondom va, OLQlfS —> cshmator (‘ﬁaﬁ?ﬁ\o) g%h/h\%\>
z Juach f sbser d data [0,\ actu l #) —> eitmate Cfa/v\[pL@ she
Ln vatha 0 Ve

a )ﬂ\zwﬁf lowr U/Lb/LOvA %J(AIL'#?/ ~—> PC,FU-/V] e"F&f.

We can make any number of estimators to estimate a given quantity. How do we know the
“best” one?
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9 Evaluating Estimators

There are many ways we can describe how good or bad (evaluate) an estimator is.

. / (W
9.1 Bias F”waj; pshmet®
/ P Of\fr
Definition 9.1 Let X1, ..., X, be a random sample from a population, 6 a parameter of in- jo/" Asn
terest, and én = T(Xl, ..., X,) an estimator. Then the bJas of 0 is defined as / FXook,

5 —— ¢ . TC
bias(en) E[e ]C (T(%n )x )) y x)) )X )36 [Z)J)C/

Definition 9.2 An unbiased estimator is defined to be an estimator ,, = T(X1, ..., X,,)

bias (6.)20, re. E(6)*
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18 9 Evaluating Estimators

9.2 Mean Squared Error (MSE)

Definition 9.3 The mean squared error (MSE) of an estimator 6., for parameter 6 is de-
fined as

~

MSE(6,) = E [(9 - én)2] 7 ton sho~
N a2 [/
=Var(0,) + (bms(@n)> .

Generally, we want estimators with

O Small bias offen frec 15 a
éfd?*vam‘cnw J(WDL@’Z‘)#
(CM‘?L g/(/f )04,7’4\)

Sometimes an unbiased estimator 6,, can have a larger variance than a biased estimator 6,

@] fmall  Vveience,

Example 9.4 Let’s compare two estimators of o2.
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9.3 Standard Error 19

9.3 Standard Error

Definition 9.4 The standard error of an estimator 9n of @ is defined as

A ¢ shwnded error =
se(0,) = y/Var(0,). ljag 431
st dev of gompli’y

We seek estimators with small se én .
(6-) 9’{’ 9#\ :

Example 9.5
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10 Comparing Estimators

We typically compare statistical estimators based on the following basic properties:
/

1. Consisbacy ¢ oy T does He shimater &fmnﬂ{*" pr%%rr s
CS'ha/ka;h\/\g? [W,,W I'n /)f@éaé;)lfb)
2. BiaSt  |she eshntor vabrasnd E(éh) -0

8. Effcey é s mon efpeet 6, V”(§4)4 Ve [‘M

1 MSEY Copre MSE(E)) MSE(G,) (vel he pnairt onc),
A A Nz
ot pertenly, bz\M/WﬂrW tde v, MSE[Qh): Vofwm)wL(Bfas@h)

Unbiased and Inefficient Biased and Inefficient

Cod
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Example 10.1 Let us consider the efficiency of estimates of the center of a distribution. A
measure of central tendency estimates the central or typical value for a probability
distribution.

Mean and median are two measures of central tendency. They are both unbiased, which is

more efficient? ) VNG 7
N\&(DJ —_ > Loich e S‘Ma“?/ nee ! u/\[{ (0( ()

s&g:w set.seed(400) h}o(ﬂﬂal [O {)\
Q/“'};'b\ * . ) ‘
df§§@9 \\N times <- 10000 # number of times to make a sample {

s »n <- 100 # size of the sample
uniform results <- data.frame(mean = numeric(times), median chJ gQWﬂ214
L numeric(times))
Sk p normal results <- data.frame(mean = numeric(times), median = f}VﬂA 5me/f
A ; numeric(times)) @7
e 9 (4o 10,000 Araw foom Ao gAApl/LD Aga, Al n 01&
for(i in l:times) { < r
X <- runif(n) - draw n unqrsmwk s fﬂu%baﬂ
y <- rnorm(n) 4A— (raw 4 normsl g&m[’{ﬁ 4’("7‘{/ Mme
un%form_results[+, "mea§ ]"<- mean(§) é{/’f*b/iubbw
uniform results[i, "median"] <- median(x) m
normal results[i, "mean"] <- mean(y)
normal results[i, "median"] <- median(y)
}
o
sfbl uniform results %>%
N gather(statistic, value, everything()) %>%
GO\ Set) i ot
%H‘ J geom_density(aes(value, lty = statistic)) + p (
ggtitle("Unif(0, 1)") + ;ﬁﬁap €5 .
theme (legend.position = "bottom")

normal results %>%
gather(statistic, value, everything()) %>%
ggplot() +
geom_density(aes(value, lty = statistic)) +
ggtitle("Normal(0, 1)") +
theme (legend.position = "bottom")



10 Comparing Estimators
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Next Up In we’ll look at a method that produces unbiased estimators of E(g(X))!
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